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1.1 Introduction

The thermoelectric effect, which is a phenomenon converting the temperature
gradient to the electric voltage, has been used in special applications such as the
exploration satellites, while recently the thermoelectric effect has been focused on
not only the special applications but also the green power generation and the power
supply for the Internet of Things society [1]. The conversion efficiency of the ther-

moelectric effect (𝜂) is given by 𝜂 = 𝜂𝑐

√
1 + 𝑍𝑇 − 1

√
1 + 𝑍𝑇 + 𝑇𝑐∕𝑇ℎ

, where 𝜂𝑐 and 𝑍𝑇 indicate

the Carnot efficiency and the dimensionless figure of merit, respectively, and
𝑇𝑐 and 𝑇ℎ are the temperature of the cold and hot sides. 𝑍𝑇 is mathematically given
by 𝑍𝑇 = 𝑆2𝜎𝑇∕𝜅, where 𝑆, 𝜎, 𝜅, and 𝑇 are Seebeck coefficient, electric conductiv-
ity, thermal conductivity, and temperature, respectively. Since these parameters are
material parameters, for the innovation of thermoelectric materials with high effi-
ciency, the precise control of these parameters is required. Unique electronic states
such as Dirac electrons, which have been intensively studied in the field of solid-
state physics, are of interest [2].
Another method to increase efficiency is to utilize composite systems consisting

of several materials. The film-substrate system is a typical example of composite
systems. The Seebeck effect in the film-substrate system has been studied in detail
[3–6], while the transverse thermoelectric effect, such as the anomalous Nernst
effect in the film-substrate system, has been focused on recently, because a huge
increase of the anomalous Nernst effect was observed in Fe–Ga alloy on silicon sub-
strate [6].
To analyze the thermoelectric effect theoretically, phenomenological methods

such as the Boltzmann equation have been used, while, recently, the microscopic
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method based on the formalism by Kubo and Luttinger, which can treat the quan-
tum effect exactly, has developed [7–9]. Therefore, first, we introduce the micro-
scopic method based on the Kubo–Luttinger formalism briefly. Then, we apply this
method to the thermoelectric effect of type I, II, and III Dirac electrons, which is one
of the unique electronic states in solids [10]. Next, we introduce the recent devel-
opment of film-substrate systems and describe theoretical methods to analyze the
thermoelectric effect in film-substrate systems [11].

1.2 Linear Response Theory Based on Kubo–Luttinger and
Application to Dirac-electron Systems

1.2.1 Liner Response

When an external electric filed (𝐸) is applied to solids, an electric current is gen-
erated. Similarly, applying the temperature gradient (∇𝑇) generates the heat cur-
rent. These are called Ohm’s law and Fourier’s law, respectively. On the other
hand, the correlated effect between the electric field and the heat current or that
between the temperature gradient and the electric current is also known. In the
region of the linear response, these phenomena are formally given by

𝐽𝑒 = 𝐿11𝐸 + 𝐿12 (−
∇𝑇
𝑇 ), (1.1)

𝐽𝑄 = 𝐿21𝐸 + 𝐿22 (−
∇𝑇
𝑇 ), (1.2)

where 𝐽𝑒 and 𝐽𝑄 are the densities of the electric current and the heat current, respec-
tively, 𝐿𝑖𝑗 denote the coefficients of the linear response, and especially 𝐿11 is called
the electric conductivity.
When the temperature gradient is applied to solids, the diffusion of electrons is

generated, and, finally, the internal electric field is generated by the diffusion that
becomes balanced with the temperature gradient. The ratio between the internal
electric field and temperature gradient corresponds to the Seebeck coefficient. Using
Eq. (1.1) with the condition of 𝐽𝑒 = 0, the Seebeck coefficient is given by

𝑆 = 𝐸
∇𝑇

=
𝐿12
𝑇𝐿11

. (1.3)

Since the Seebeck coefficient is expressed by the coefficients of linear response,
the precise estimation of these coefficients is required in theoretical calculations.

1.2.2 Framework of Thermoelectric Theory Based on
Kubo–Luttinger Formalism

Electric transport due to the electric field is calculated microscopically by the Kubo
formula (i.e., the linear response theory) [7]. On the other hand, the linear response
theory of temperature gradient is qualitatively different from that of the electric field.
This is because the electric field is amechanical external field, while the temperature
gradient is a statical quantity. Thus, the linear response of the temperature gradient
had been difficult to dealwith. Luttinger suggested the linear response theory to treat
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the temperature gradient, using the relationship between the temperature gradient
and gravitational potential [8].
Recently, the thermoelectricmicroscopic theory based onKubo–Luttinger formal-

ism has been extended [9]. In this section, we introduce the recent progress of the
Kubo–Luttinger formalism briefly.
In the Kubo–Luttinger formalism, the thermoelectric effect (precisely speaking

𝐿12) is derived based on the heat currents generated depending on the Hamiltoni-
ans. Figure 1.1 shows the schematic picture of the Hamiltonians and heat currents
generated from each term of the Hamiltonian. Generally, the thermoelectric effects
can be divided into three kinds of effects. One is a diffusive thermoelectric effect,
as shown in Figure 1.1. The effect is formally given by

𝐿11 =∫ 𝑑𝜖 (−
𝜕𝑓 (𝜖)
𝜕𝜖

) 𝜎 (𝜖, 𝑇), (1.4)

𝐿12 =
1
𝑒 ∫ 𝑑𝜖 (−

𝜕𝑓 (𝜖)
𝜕𝜖

) (𝜖 − 𝜇) 𝜎 (𝜖, 𝑇), (1.5)

where 𝑓 (𝜖), 𝜎 (𝜖, 𝑇), and 𝜇 indicate the Fermi distribution function, spectral func-
tion, and the chemical potential, respectively. 𝑒 (< 0) is the charge of an electron.
Since this equation was first derived by Sommerfeld–Bethe [12], Eq. (1.5) is called
the Sommerfeld–Bethe (SB) relation [9]. By using the Sommerfeld expansion inmet-
als at low temperatures, we can derive the Mott formula

𝑆 = 𝜋2
3
𝑘2𝐵𝑇
𝑒

𝜕𝑙𝑛𝜎 (𝜖𝐹 , 0)
𝜕𝜖𝐹

. (1.6)

The theory of the thermoelectric effect based on the SB relation has been extended
to the analysis of many materials [10, 13–22].
A second thermoelectric effect is a phonon-assisted effect. Applying the tempera-

ture gradient to solids, the heat current of phonons is generated. The thermoelectric
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FeSb2 : Ref. [23]

Phason drag : Ref. [24]

Thermal hall effect
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   (Magnon drag) : Ref. [26]Carbon nanotube : Refs. [13−15]
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Machine learning : Ref. [18]
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Figure 1.1 Schematic picture of framework and applications of thermoelectric theory
based on the Kubo–Luttinger formula.
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effect occurs by generating an electric flow through the electron–phonon interac-
tion. This effect is called the phonon drag effect, and the microscopic theory of the
drag effect based on Kubo–Luttinger formalism was performed [23–26].
Finally, we describe the thermoelectric effects due to the thermal currents

deriving from the many-body effects such as electron–electron interaction and
electron–phonon interaction. This thermoelectric effect has not been studied in
detail; therefore, this effect is expected to become an unconventional thermoelectric
effect [27].

1.2.3 Application to Dirac-electron Systems

Materials that host electrons behaving as relativistic particles which appear in the
vicinity of the Fermi surfaces due to a characteristic band dispersion are calledDirac-
electron systems. For decades, the Dirac electrons have been known to be realized in
bismuth single crystals [28]. Bismuth is a bulk material, and it has a small but finite
band gap at the L point. Recently, it was revealed that Dirac electrons also appear in
two-dimensional materials such as graphene [29] and quasi-two-dimensional sys-
tems (materials have a three-dimensional structure, but the electron conductivity
is strong only in the plane) such as an organic conductor α-(BEDT-TTF)2I3 [30]. In
thesematerials, the band gap (ideally) closes; that is, the conduction and the valence
bands touch at some points in the momentum space. Such systems are called the
massless Dirac electrons, and the band-touching points are called the Dirac points.
Particularly in two dimensions, when drawing the dispersion relation as a function
of two-dimensional momentum

[
𝒌 =

(
𝑘𝑥, 𝑘𝑦

)]
, its shape is two cones touching at

their apexes. Thus, the spectrum around the Dirac points is called the Dirac cones.
Here, we introduce an example of a microscopic study of the thermoelectric effect
in two-dimensional Dirac electrons [10].
One of the characteristics of Dirac electrons in solids is that there can be

anisotropic dispersion. Dirac cones are classified into three types according to
the shape of the equienergy line around the Dirac point, which is determined
by the degree of tilting. To see this, let us consider the minimal model describing
the tilted massless Dirac cones, whose Hamiltonian is given as a 2 × 2 matrix as a
function of 𝒌, as

𝐻 (𝒌) = 𝜆ℏ𝑣F𝑘𝑥𝜎0 + ℏ𝑣F𝒌 ⋅ 𝛔. (1.7)

Here, 𝛔 =
(
𝜎𝑥, 𝜎𝑦 , 𝜎𝑧

)
with 𝜎𝑥 =

⎛
⎜
⎝

0 1

1 0

⎞
⎟
⎠
, 𝜎𝑦 =

⎛
⎜
⎝

0 −𝑖

𝑖 0

⎞
⎟
⎠
, and 𝜎𝑧 =

⎛
⎜
⎝

1 0

0 −1

⎞
⎟
⎠
are

called the Pauli matrices, and 𝜎0 =
⎛
⎜
⎝

1 0

0 1

⎞
⎟
⎠
is the 2 × 2 identitymatrix. Diagonalizing

𝐻 (𝒌), we obtain the dispersion relation, 𝜀±𝒌 = ℏ𝑣F (𝜆𝑘𝑥 ± 𝑘)with 𝑘 =
√
𝑘2𝑥 + 𝑘2𝑦 . The

superscript ± is the band index, where + denotes the upper band and − denotes the
lower band. Figure 1.2 is the schematic figure of the dispersion relation for several
values of 𝜆. For 𝜆 < 1, the tilting is small enough, and the equienergy line around the
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Figure 1.2 Schematic figure of the dispersion relation of the minimal Dirac Hamiltonian
with tilted cones in Eq. (1.7).

Dirac point has an elliptical shape. This type of Dirac cone is called the type I Dirac
cone, and graphene and α-(BEDT-TTF)2I3 belong to this class. On the other hand,
for 𝜆 > 1, the tilting is large enough, and the shape of the equienergy line turns to the
hyperbola. This type of Dirac cone is called the type II Dirac cone. The type III Dirac
cone is the critical case (i.e., the transition point) between these two types. At the
zero energy, the equienergy line is the straight line along a certain direction; that is,
the dispersion is completely flat along the direction of tilting (i.e., the 𝑘𝑥 direction in
this model). Among these three types, when the Fermi level is at zero energy, type I
is the gapless semiconductor, and the density of state at the Fermi level vanishes,
while the other two types have a finite density of state.
The minimal model of Eq. (1.7) has been used to study the physical properties,

such as the transport phenomena and electric/magnetic responses, of the Dirac-
electron systems. However, in this model, for types II and III, the Fermi surface (or
the line for the two-dimensional systems) extends to infinitely far away from the
Dirac point. On the other hand, in the actual solid-state systems, the momentum
space is bounded by the Brillouin zone, and the Fermi surface has to have a closed
shape. Therefore, in the theoretical studies, tight-binding-type models, where the
effect of the Brillouin zone is properly taken into account, are often used. Here, we
argue one of such examples [31]. To be specific, we argue the two-orbital model on
a square lattice, whose Hamiltonian in the momentum space is given as

𝐻 (𝒌) = 𝑑0𝒌𝜎0 + 𝒅𝒌 ⋅ 𝛔, (1.8)

where 𝑑0𝒌 = 2𝜆𝑡′
(
cos 𝑘𝑥𝑎0 − cos 𝑘𝑦𝑎0

)
, 𝑑𝑥𝒌 = 2𝑡′

(
cos 𝑘𝑥𝑎0 − cos 𝑘𝑦𝑎0

)
, 𝑑𝑦𝒌 = 0, and

𝑑𝑧𝒌 = 2𝑡
(
cos 𝑘𝑥𝑎0 + cos 𝑘𝑦𝑎0

)
. Dirac points appear at the momentum where

𝑑𝑥𝒌 = 𝑑𝑧𝒌 = 0; that is, 𝒌 = (± 𝜋
2𝑎0

, ± 𝜋
2𝑎0

),with all combinations of signs being
allowed. 𝑎0 stands for the lattice constant. The parameters 𝑡 and 𝑡′are the hopping
parameters having the dimension of the energy, while 𝜆 in 𝑑0𝒌 is the dimensionless
parameters controlling the tilting. Figure 1.3 shows the dispersion relations for the
latticemodel, wherewe see that the type I, II, and II Dirac cones are realized at 𝜀𝒌 = 0
for 𝜆 < 1, 𝜆 > 1, and 𝜆 = 1, respectively. In this study, as typical values for electrons
in solids, the tight-binding parameters are set as (𝑡, 𝑡′ = −1 eV, −0.3 eV) .
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Type-I Type-IIType-III

Figure 1.3 Schematic figure of the dispersion relation of the tight-binding model in
Eq. (1.8). Black ellipses denote one of four Dirac cones.

In the following, we present the results of the thermoelectric transport based on
the Kubo–Luttinger formalism [7, 8]. To be specific, we consider the quasi-two-
dimensional system; that is, the layers, whose areas are 𝐴 and each of which hosts
the electrons described by the Hamiltonian of Eq. (1.8), are stacked independently
with the interlayer spacing 𝑑0 = 10 Å. The spin degrees of freedom are neglected.
Under this setup, the spectral conductivity 𝜎 (𝜖) is calculated by using the following
formula,

𝜎 (𝜖) =
ℏ𝑒2

2𝜋𝐴𝑑0

∑

𝒌
Tr
{
𝐺(𝑅) (𝒌, 𝜖) 𝑣𝑥 (𝒌) 𝐺(𝐴) (𝒌, 𝜖) 𝑣𝑥 (𝒌)

−𝑅𝑒
[
𝐺(𝑅) (𝒌, 𝜖) 𝑣𝑥 (𝒌) 𝐺(𝑅) (𝒌, 𝜖) 𝑣𝑥 (𝒌)

]}
(1.9)

Here 𝐺(𝑅) (𝒌, 𝝐) = [𝜖 + 𝑖Γ −𝐻 (𝒌)]−1 and 𝐺(𝐴) (𝒌, 𝝐) = [𝜖 − 𝑖Γ −𝐻 (𝒌)]−1 are the
retarded and advanced Green’s functions, respectively, and 𝑣𝑥 (𝒌) =

1
ℏ
𝜕𝐻 (𝒌)
𝜕𝑘𝑥

is the
velocity operator in the 𝑥-direction,which is the direction of the applied electric field
and the temperature gradient.Γ denotes the quasi-particle damping rate arising from
the impurity scattering, which is approximated as a constant. This approximation
is called the relaxation time approximation. For the numerical calculations, Γ is set
to be 0.02 eV.
Figure 1.4 shows the spectral conductivity for three values of 𝜆. We see that the

conductivity exhibits a dip for the type I and III Dirac cones, whereas it exhibits
a peak for the type II cone. This qualitative difference is clearly manifested in the
thermoelectric response.
To estimate 𝑍𝑇, assume that the thermal conductivity 𝜅 consists only of the elec-

tronic contribution. In that case, 𝜅 is estimated

𝜅 = 1
𝑇 (𝐿22 −

𝐿212
𝐿11

), (1.10)

with

𝐿22 =
1
𝑒2
∫ 𝑑𝜖 (−

𝜕𝑓(𝜖)
𝜕𝜖

) (𝜖 − 𝜇)2𝜎 (𝜖, 𝑇). (1.11)

As our interest is in the thermoelectric responses in the vicinity of the transition
point from types I to II, we consider values of 𝜆; namely, 𝜆 = 0.95 (type I), 𝜆 = 1
(type III), and 𝜆 = 1.5 (type II). Figure 1.5 shows the temperature dependence of
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Figure 1.4 Spectral conductivity for the lattice model. The dots, triangles, and squares are
for 𝜆 = 0.5 (type I), 𝜆 = 1 (type III), and 𝜆 = 1.5 (type II), respectively. 𝜎 (𝜖) is in the unit of
106/Ω m, and 𝜖 is in the unit of eV.
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Figure 1.5 Seebeck coefficient (left) and the dimensionless figure of merit (right) as a
function of temperature. The dots, triangles, and squares are for 𝜆 = 0.95 (type I), 𝜆 = 1
(type III), and 𝜆 = 1.5 (type II), respectively. 𝑆 is in the unit of µV∕K, and 𝑇 is in the unit of K.

𝑆 and 𝑍𝑇. Here, the chemical potential 𝜇 is set to be 0.05 eV. The type I and III
cases have noticeably large values of |𝑆| and ZT compared with the type II case,
which indicates that the dip of the spectral conductivity around the Dirac points is
the key element to obtain the large thermoelectric response. It is also seen that 𝜆 = 1
(type III) does not give the maximal thermoelectric response. In fact, within our
numerical investigations, the maximal values of |𝑆| and ZT are obtained for 𝜇 =
0.05 eV and 𝜆 = 0.89, and the values are |𝑆| ∼ 70 𝜇V/K and 𝑍𝑇 ∼ 0.18. These results
indicate that the fine-tuning of the electronic structure (i.e., the tilting of the cone
in this case) and the chemical potential is needed to optimize the thermoelectric
response.
In Figure 1.5, we also see that the overall temperature dependences of 𝑆 and 𝑍𝑇

for the type I and III Dirac cones are very similar. In particular, the peak positions
of these two types are almost the same. We discuss the origin of this similarity with
respect to the approximated forms of the spectral conductivity. A method of esti-
mating the thermoelectric response by assuming a simple functional form of the
spectral conductivity was proposed by Mahan and Sofo [32] and was applied to var-
ious systems including the gapped Dirac cones [33]. Here, we apply this idea to the
tilted Dirac cones. As we have seen, the spectral conductivity exhibits a dip for the
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type I and III Dirac cones. So, as the simplest approximation, we employ the follow-
ing form of the spectral conductivity around the Dirac point,

𝜎 (𝜖) = 𝛼0 + 𝛼1 |𝜖|, (1.12)

where 𝛼0 and 𝛼1 are the constants. Substituting Eq. (1.12) into Eqs. (1.4), (1.5),
and (1.11), and further considering the limit of 𝛼0 → 0, we find that 𝑆 and 𝑍𝑇 can be
given as

𝑆 =
𝑘𝐵
𝑒 ⋅

ℎ2 (−𝑥) − 2𝑥ℎ1 (−𝑥)
2ℎ1 (−𝑥) − 𝑥ℎ0 (−𝑥)

, (1.13)

and

𝑍𝑇 = {
[2ℎ1 (−𝑥) − 𝑥ℎ0 (−𝑥)] [2ℎ3 (−𝑥) − 𝑥ℎ2 (−𝑥)]

[ℎ2 (−𝑥) − 2𝑥ℎ1 (−𝑥)]
2 − 1}

−1

, (1.14)

where 𝑥 = −
𝜇
𝑘𝐵𝑇

and the functions ℎ0 − ℎ3 are given as

ℎ0 (𝑧) = tanh 𝑧
2 , (1.15)

ℎ1 (𝑧) = ln (1 + 𝑒𝑧) −
𝑧𝑒𝑧
𝑒𝑧 + 1 , (1.16)

ℎ2 (𝑧) =
2𝑧2𝑒𝑧
𝑒𝑧 + 1 − 4𝑧 (1 + 𝑒𝑧) − 4Li2 (−𝑒𝑧) −

𝜋2
3 , (1.17)

and

ℎ3 (𝑧) = 𝑧2 [3 ln (1 + 𝑒𝑧) −
𝑧𝑒𝑧
𝑒𝑧 + 1 ] + 6 𝑧Li2 (−𝑒𝑧) − 6Li3 (−𝑒𝑧). (1.18)

Here, Li𝑛 (𝑧) stands for the polylogarithm function of order 𝑛. Notably, under this
approximation, the Seebeck coefficient and the dimensionless figure of merit are
functions of a single parameter, 𝑥, and they do not depend on the model-dependent
parameter 𝛼1.
Figure 1.6 shows the Seebeck coefficient and the dimensionless figure of merit as

a function of−𝑥. We see that theminimum of 𝑆 is at−𝑥 ∼ 2 (i.e., 𝑇 ∼
𝜇
2 𝑘𝐵

), and the

maximum of ZT is −𝑥 ∼ 2.5 (i.e., 𝑇 ∼
𝜇

2.5 𝑘𝐵
), which are in good agreement with
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Figure 1.6 Seebeck coefficient (left) and the dimensionless figure of merit (right) as a
function of −𝑥 of Eqs. (1.13) and (1.14), respectively.
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the numerical results for type I and III Dirac cones in Figure 1.5. We also see in
Figure 1.6 that the maximal value of |𝑆| is about 𝑘𝐵∕|𝑒| ∼ 86𝜇𝑉∕𝐾 and that of ZT is
about 0.27. They are in the same order as the numerical results for the types I and
III Dirac cones but do not agree at the quantitative level. This might be because of a
non-negligible contribution arising from 𝛼0 , whose value depends on the details of
the model parameters and the damping rate.
To summarize this subsection, the microscopic theory based on Kubo–Luttinger

formalism provides us with a powerful tool to investigate the thermoelectric trans-
port arising from the characteristic dispersion relation of electrons in solids. In our
analysis of the tilted Dirac-electron model, we have found that the optimal response
is obtained for the type I Dirac cones with strongly tilted, rather than the type II and
III Dirac cones. However, in the actual materials, the fine-tuning of the tilting and
the chemical potential is not easy. This is the reason why composite materials such
asmultilayer systems have been attracting attention, as described in the next section.

1.3 Film-substrate Systems

Composite systems, consisting of multiple components shown in Figure 1.7a, have
been of interest in the studies of the thermoelectric effects. The film-substrate sys-
tems are a typical example of composite systems as introduced in Figure 1.7b, and
their thermoelectric effect has been studied extensively with the development of
microfabrication technology.
In the film-substrate system, the Seebeck effect has been studied. More recently,

the transverse thermoelectric effect such as the Nernst effect is focused on [6]. The
film-substrate system of Fe–Ga alloy film and silicon substrate system shows the
huge anomalous Nernst effect of 15 µV∕K, which is larger than the bulk value of Fe–
Ga alloy and that of Co2MnGa, which is a recordmaterial [6]. Themicroscopic anal-
ysis of the thin-film and substrate system is very difficult, because the consideration
of the electronic state and the treatment of the interfacial effect between film and
substrate are complicated. Thus, in this section, we introduce the analysis method
based on the circuit model [11].

Thermoelectric effect in composite materials

(a)

(b)

Film-substrate systems : Typical example of composite system

Sample

A

Film Film
Substrate

Substrate

+

+

+ + =

=

• •

S
A

S
B

S
C

Seebeck in

Sample A

Seebeck in

Sample B

Seebeck in

Sample C

Seebeck in composite systems

Scomposite = f(S
A, SB, ...)

Sample

B

Sample

C

Figure 1.7 Schematic picture of a composite system. (a) Composite systems consisting of
many components. (b) A thin-film substrate system as a typical example of a composite
system.



“c01_PrintPDF” — 2026/7/17 — 8:03 — page 10 — #10

10 1 Recent Progress in Theory of Thermoelectric Effect

1.3.1 Linear Response for Longitudinal and Transverse Thermoelectric
Effects

Here, we describe the general linear response including not only the longitudinal
but also the transverse thermoelectric effects [11]. When the external electrical and
temperature gradients are applied to the 𝑥 and 𝑦 directions in systemA, the electrical
current density and heat current density along the 𝑥 and 𝑦 directions are given by

⎛
⎜
⎜
⎜
⎜
⎝

𝑗𝑥𝑒,𝐴
𝑗𝑦𝑒,𝐴
𝑗𝑥𝑄,𝐴
𝑗𝑦𝑄,𝐴

⎞
⎟
⎟
⎟
⎟
⎠

= 𝐿𝐴

⎛
⎜
⎜
⎜
⎜
⎝

𝐸𝑥,𝐴
𝐸𝑦,𝐴

− (∇𝑇)𝑥,𝐴∕𝑇

− (∇𝑇)𝑦,𝐴∕𝑇

⎞
⎟
⎟
⎟
⎟
⎠

, (1.19)

where 𝑗𝑥(𝑦)𝑒,𝐴 and 𝑗𝑥(𝑦)𝑄,𝐴 indicate the electric current and thermal current along 𝑥(𝑦)
direction in system A, respectively, 𝐸𝑥(𝑦),𝐴 and (∇𝑇)𝑥(𝑦),𝐴 are the external electric
field and temperature gradient along the x(y) direction in system A. 𝐿𝐴 is a 4 × 4
matrix of linear response defined as

𝐿𝐴 =

⎛
⎜
⎜
⎜
⎜
⎝

𝐿𝑥𝑥11,𝐴 𝐿𝑥𝑦11,𝐴
𝐿𝑦𝑥11,𝐴 𝐿𝑦𝑦11,𝐴

𝐿𝑥𝑥12,𝐴 𝐿𝑥𝑦12,𝐴
𝐿𝑦𝑥12,𝐴 𝐿𝑦𝑦12,𝐴

𝐿𝑥𝑥21,𝐴 𝐿𝑥𝑦21,𝐴
𝐿𝑦𝑥21,𝐴 𝐿𝑦𝑦21,𝐴

𝐿𝑥𝑥22,𝐴 𝐿𝑥𝑦22,𝐴
𝐿𝑦𝑥22,𝐴 𝐿𝑦𝑦22,𝐴

⎞
⎟
⎟
⎟
⎟
⎠

. (1.20)

Using the linear response coefficients, the Seebeck coefficient
(
𝑆𝑥𝑥,𝐴

)
, Nernst coef-

ficient
(
𝜈𝑦𝑥,𝐴

)
, and anomalous Nernst coefficient

(
𝑁𝑦𝑥,𝐴

)
are given as

𝑆𝑥𝑥,𝐴 =
𝐸𝑥

(∇𝑇)𝑥
=

𝐿𝑥𝑥12
𝑇𝐿𝑥𝑥11

, (1.21)

𝜈𝑦𝑥,𝐴 =
𝐸𝑦,𝐴

(∇𝑇)𝑥,𝐴 𝐵𝑧
=
𝐿𝑥𝑦11,𝐴𝐿

𝑥𝑥
12,𝐴 − 𝐿𝑥𝑥11,𝐴𝐿

𝑥𝑦
12,𝐴

𝑇𝐿𝑥𝑥11,𝐴𝐿
𝑦𝑦
11,𝐴𝐵𝑧

, (1.22)

𝑁𝑦𝑥,𝐴 =
𝐸𝑦,𝐴

(∇𝑇)𝑥,𝐴
=

𝐿𝑥𝑦11,𝐴𝐿
𝑥𝑥
12,𝐴 − 𝐿𝑥𝑥11,𝐴𝐿

𝑥𝑦
12,𝐴

𝑇
(
𝐿𝑥𝑥11,𝐴𝐿

𝑦𝑦
11,𝐴 +

(
𝐿𝑥𝑦11,𝐴

)2) . (1.23)

1.3.2 Linear Response of Film-substrate System Based on the Circuit Model

Next, we derive the Seebeck coefficient, Nernst coefficient, and anomalous Nernst
coefficient in film-substrate systems based on the circuit model [11]. Figure 1.8a
shows the schematic picture of film-substrate systems. Here, we set a volume of film
(substrate) as 𝑎𝑥 × 𝑎𝑦 × 𝑑𝑓(𝑠). As shown in Figure 1.8b, we treat the film-substrate
systems as a parallel circuit consisting of film and substrate. Then, from Kirchhoff’s
law, the electrical potential of the film (substrate) along the 𝑥(𝑦) axis

(
𝑉𝑥(𝑦),𝑓(𝑠)

)

satisfies the relation of

𝑉𝑥(𝑦),𝑓 = 𝑉𝑥(𝑦),𝑠. (1.24)

where 𝑉𝑥(𝑦),𝑓(𝑠) = 𝐸𝑥(𝑦),𝑓(𝑠)𝑎𝑥(𝑦).



“c01_PrintPDF” — 2026/7/17 — 8:03 — page 11 — #11

1.3 Film-substrate Systems 11

(a) (b) (c)

Film-substrate system

Substrate

y

x

Film

ax

Lf

Ls

Ltot

ay

df

ds

mapping

Vy,f = Vy,s
(∆T )y,f = (∆T)y,s

Vx,f = Vx,s
(∆T)x,f = (∆T)x,s

Vx
(∆T)x

Vy
(∆T)y

Kirchhoff’s law

Film-substrate circuit

(Parallel circuit)

Circuit Synthesis

Figure 1.8 Schematic picture of (a) film-substrate system, (b) circuit model, and (c) circuit
synthesis.

Next, we study the thermal circuit. Considering the temperature difference in a
similar manner to the electric circuit, the temperature differences in film and sub-
strate in the 𝑥(𝑦) axis also satisfy the following relation:

(∆𝑇)𝑥(𝑦),𝑓 = (∆𝑇)𝑥(𝑦),𝑠 (1.25)

where (∆𝑇)𝑥(𝑦),𝑓(𝑠) = (∇𝑇)𝑥(𝑦),𝑓(𝑠) 𝑎𝑥(𝑦).
In the circuit model, the total of electric and thermal currents is given by the sum-

mation of those in the film and the substrate. Thus, the linear response coefficient
of the synthesis circuit shown in Figure 1.8c is

𝐿tot =
𝑑𝑓

𝑑𝑓 + 𝑑𝑠
𝐿𝑓 +

𝑑𝑠
𝑑𝑓 + 𝑑𝑠

𝐿𝑠. (1.26)

Using Eq. (1.21), the Seebeck coefficient in the synthesis circuit is given by

𝑆tot =
𝑆𝑓 + 𝜖𝜎𝑆𝑠
1 + 𝜖𝜎

, (1.27)

where

𝜖𝜎 =
𝐿𝑥𝑥11,𝑠𝑑𝑠
𝐿𝑥𝑥11,𝑓𝑑𝑓

=
𝐿𝑦𝑦11,𝑠𝑑𝑠
𝐿𝑦𝑦11,𝑓𝑑𝑓

=
𝑅𝑓
𝑅𝑠
. (1.28)

𝜖𝜎 corresponds to the ratio of the electric resistance of the film
(
𝑅𝑓
)
and the

substrate [5].
In the same manner, the Nernst coefficient and the anomalous Nernst coefficient

are

𝜈tot =
𝜈𝑓 + 𝜖𝜎𝜈𝑠
1 + 𝜖𝜎

+
𝜖𝜎

(1 + 𝜖𝜎)
2 𝜈𝑠𝛿𝜈, (1.29)

𝑁tot =
𝑁𝑓 + 𝜖𝜎𝑁𝑠

1 + 𝜖𝜎
+

𝜖𝜎
(1 + 𝜖𝜎)

2𝑁𝑠𝛿𝑁, (1.30)
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where

𝛿𝜈 =
(
𝑆𝑓 − 𝑆𝑠

) (
𝜃𝐻,𝑠 − 𝜃𝐻,𝑓

)
∕𝜈𝑠𝐵𝑧, (1.31)

𝛿𝑁 =
(
𝑆𝑓 − 𝑆𝑠

) (
𝜃𝐻,𝑠 − 𝜃𝐻,𝑓

)
∕𝑁𝑠, (1.32)

and 𝜃𝐻,𝑓(𝑠) is the Hall angle of the film (substrate) defined as

𝜃𝐻,𝑓(𝑠) = 𝑅𝐻,𝑓(𝑠)𝐿𝑥𝑥11,𝑓(𝑠)𝐵𝑧, (1.33)

and the Hall coefficient of the film (substrate)
(
𝑅𝐻,𝑓(𝑠)

)
is

𝑅𝐻,𝑓(𝑠) =
𝐿𝑥𝑦11,𝑓(𝑠)

𝐿𝑥𝑥11,𝑓(𝑠)𝐿
𝑦𝑦
11,𝑓(𝑠)𝐵𝑧

. (1.34)

Noted that a similar expression of anomalous Nernst coefficient was derived in
Ref. [6]. Based on the circuit model analysis, the thermoelectric effect of the film and
substrate system is analyzed. It should be noted that the interfacial effect between
the film and the substrate is not considered in this model.

1.3.3 Model Calculation

Finally, we show 𝜖𝜎 dependence of Seebeck coefficient and Nernst coefficient using
Eqs. (1.27) and (1.29). Figure 1.9 shows the 𝜖𝜎 dependence of the Seebeck coeffi-

cient (black line) for
𝑆𝑓
𝑆𝑠

= 100 and the Nernst coefficient (red line) for
𝜈𝑓
𝜈𝑠

= 10 and
𝛿𝜈 = 100. The Seebeck coefficient gradually decreases as 𝜖𝜎 increases. On the other
hand, the Nernst coefficient exhibits a peak structure at 𝜖𝜎 ≃ 1.0. It should be noted
that the anomalous Nernst effect behaves the same as the Nernst effect. The part of
the Nernst effect in the second term of Eq. (1.29) means that the Nernst effect in the
film (substrate) is derived from the Hall angle of the substrate (film). Thus, this is
called the cooperative effect, which is a correlated effect between the film and the
substrate [11].
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Figure 1.9 𝜖𝜎 dependence of Seebeck coefficient (black line) and Nernst coefficient
(red line).
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The peak structure was observed in Fe–Ga alloy film and silicon substrate system
in the anomalousNernst effect [6]. However, there are no experimental results in the
Nernst effect, although there is a theoretical prediction in the Bi film and Si substrate
system [11].

1.4 Summary

In this section, first, we introduced the microscopic theory of the thermoelectric
effect based on the Kubo–Luttinger formalism and its application to the type I, II,
and III Dirac systems, and then we show the analysis of film-substrate systems,
which is a typical example of composite systems, by the circuit model. We expect
that the combination of microscopic and macroscopic methods opens a new way to
discover thermoelectric systems with high efficiency.
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