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The Fundamental Solution for a Sub-Laplacian and
Applications

In this chapter, we enter the core of the study of the sub-Laplacians £ on the ho-
mogeneous Carnot groups (and hence on the stratified Lie groups) of homogeneous
dimension Q > 3, by showing that they possess a fundamental solution I" resem-
blant to the fundamental solution ¢y |x|>~" of the usual Laplace operator A on RV,
N > 3. This property is one of the most striking analogies between £ and the classi-
cal Laplace operator. Indeed, we shall see that it holds

r=d-¢,

where Q is the homogeneous dimension of G and d is a symmetric homogeneous
norm on G, smooth out of the origin (the relevant definitions will be given in Sec-
tion 5.1). We shall also call d an L£-gauge.

To do this, we first fix some results on homogeneous norms and the Carnot—
Carathéodory distance. Then, in Section 5.3, we define the fundamental solution I,
whose existence follows from the hypoellipticity and the homogeneity properties
of £. We then collect many of its remarkable properties.

As a first application, we provide mean value formulas for L, generalizing to
the sub-Laplacian setting the Gauss theorem for classical harmonic functions. These
formulas will play a central role throughout the book and are proved by only using
integration by parts and the coarea theorem (see Theorems 5.5.4 and 5.6.1).

From the mean value formulas, we derive Harnack-type inequalities for £ and
the Brelot convergence property for monotone sequences of L-harmonic functions
(see Theorem 5.7.10). Furthermore, as an application of the Harnack theorem, in
Section 5.8 we derive several Liouville-type theorems for L. As another application
of the properties of the fundamental solution of £, we prove the Sobolev—Stein em-
bedding theorem in the stratified group setting (see Section 5.9).

To end with the applications of I', we provide three sections devoted to the
following topics: some remarks on the analytic-hypoelliptic sub-Laplacians, L-
harmonic approximations, and finally an integral representation formula for the fun-
damental solution by R. Beals, B. Gaveau and P. Greiner [BGG96].

Finally, three appendices close the chapter. The first is devoted to the weak and
the strong maximum principles for £. The second one provides an improved ver-
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sion of the pseudo-triangle inequality. In the third appendix, we prove in details the
existence of geodesics on Carnot groups. As a direct application of the maximum
principles, we give a decomposition theorem for £-harmonic functions, resemblant
to the decomposition of a holomorphic function on an annulus of C into the sum of
the regular and singular parts from its Laurent expansion.

Convention. Throughout this chapter, we fix a stratified group H of step » and m
generators. Q denotes the homogeneous dimension of H.

Together with H,
a stratification V.= (V1, ..., V;) of the algebra of H will be fixed.

Moreover, £ will be any sub-Laplacian on H related to the given stratification. We
recall that any stratification of the algebra of H brings along a homogeneous Carnot
group on RY isomorphic to H. Hence, together with the couple (H, V), we fix
G = (RV, o0, 6;), a homogeneous Carnot group isomorphic to H, as described in
Proposition 2.2.22. We let ¥ : G — H be the Lie-group isomorphism, as in the
cited proposition. We still denote by £ the sub-Laplacian on G which is ¥ -related to
the sub-Laplacian £ on H (see (2.68), page 147).

Obviously, the “homogeneous version” G of H depends upon the stratification
V but not on the sub-Laplacian L.

Thus, any definition and result given henceforward for homogeneous Carnot
groups has its counterpart (and is actually intended) for any couple (H, V'), where H
is an abstract stratified group and V is a stratification for G.

Notation. We introduce the notation for the homogeneous Carnot group G =
(RN, 0, 8;). Its dilations {8, };.~¢ are denoted by

80 =8, o x) = ax®, a7 xD), xDeRN 1<i<r

We denote by m := N the number of generators of G and assume that the homoge-
neous dimension
Q=N +2Ny+---+7rN, = 3.

As we showed in Chapter 1, Section 1.4 (page 56), the sub-Laplacian £ on G can be
written as follows (see (1.90a))

m
L=) X;=div(AW)V"),
j=1
where {X1, ..., X,,} is a family of vector fields that form a linear basis of the first
layer of g, the Lie algebra of G. The matrix A is given by
(X11(x)T
A@) = (X11(x) - Xpl(x))- :
X I (x))"
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and takes the following block form (see (1.91))

A A
A= 1,1 12)
Azl Az
where A is a strictly positive definite constant m X m matrix.
The characteristic form of £

Ny
qr(x, &) = (A&, E) = D (X;1(x),§)?% x, §eRY,  (5la)

j=1
is non-negative definite and, for every fixed x € RY the set
(6 eRY |qe(x, 6) =0}
is a linear space of dimension N — m. The vector-valued operator
Ve =X, .o, Xm) (5.1b)

is called the £-gradient operator in G. Due to identity (5.1a), we have

m
IVeul® = Z |Xjul*> = (AVTu, VTu), ueC'®RY,RY). (5.1¢)
j=1

5.1 Homogeneous Norms

Definition 5.1.1. We call homogeneous norm on (the homogeneous Carnot group)
G, every continuous! function d : G — [0, o) such that:

1. d(5;(x)) = Ad(x) for every .. > 0 and x € G;
2.d(x) > 0iffx #0.

Moreover, we say that d is symmetric if
3.d(x~Y) = d(x) for every x € G.

Example 5.1.2. Define

1
" .o2r! 3
Ix|g := (Z 17 ) o x=aD,.. xD)ea, (5.2)
j=1
where |x (/)| denotes the Euclidean norm on RY;. Then | - |g is a homogeneous norm
on G smooth out of the origin. It is symmetric if x~! = —x for any x € G. In

general, if G is any Carnot group (with inverse x ~! not necessarily equal to —x) the
map x — |Log (x)|g is a symmetric homogeneous norm on G smooth out of the
origin. This follows from the facts that Log (5, (x)) = 8, (Log (x)) and Log (x’l) =
—Log (x).

! with respect to the Euclidean topology.
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Example 5.1.3 (Control norm). Let d be the control distance related to a system of
generators of G (see Section 5.2). Define

do(x) :=d(x,0), xeG.

Then (see Theorem 5.2.8 in Section 5.2) we shall see that dy is a symmetric homo-
geneous norm on G.

From the next (elementary) proposition it will follow that the homogeneous
norms on G are all equivalent.

Proposition 5.1.4 (Equivalence of the homogeneous norms). Let d be a homoge-
neous norm on G. Then there exists a constant ¢ > 0 such that

¢ 'xlg <dx) <clxlc Vx€G, (5.3)
where | - |G has been defined in (5.2).

Proof. Due to the §,-homogeneity of d and | - |G, inequalities (5.3) hold taking ¢ :=
max{H, 1/h}, where

H :=sup{d(x) : |x|lg =1}, h:=inf{d(x): |x|g = 1}.
We explicitly remark that H < oo and / > 0, since the set
{x:Ixlg =1}

is a compact subset of G not containing the origin and d is a continuous function
strictly positive in G \ {0}. O

Corollary 5.1.5. For every fixed (non-necessarily symmetric) homogeneous norm d
on G, there exists a constant ¢ > 0 such that

cldx) <dix™") <edx) VxeG. (5.4)

Proof. The function x — d(x~!)isa homogeneous norm on G. Indeed, recall that
8;. is an automorphism of G, whence 8, (x 1) = (8,(x))~!. Then the assertion fol-
lows from Proposition 5.1.4. O

Any homogeneous norm turns out to be locally Holder continuous with respect
to the Euclidean metric in the following sense.

Proposition 5.1.6. Let d be a homogeneous norm on G. Then, for every compact set
K C RY, there exists a constant cx > 0 such that

dy tox)<cglx—y/"/" Vx, yek, (5.5)

where r is the step of G.
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(See also Proposition 5.15.1 (page 309) in Appendix C for an estimate from
below of d(y~ o x).)

Proof Let K C RY be a compact set. It is easy to see that there exists a constant
¢ = ¢(K) > 0 such that |x|g < c|x|'/" for every x € K, where | - |g has been
defined in (5.2). We now use Proposition 5.1.4, and we obtain that there exists a
constant ¢ = ¢(K) > Osuch thatd(x) <c |x|1/’ for every x € K. Hence, (5.5) will
follow if we prove that there exists a constant ¢ = ¢(K) > 0 such that | y_l ox| <
c|x — y| for every x, y € K. If we apply the mean value theorem to the function
F(x,y):=y ! ox, we obtain

Iy ox| =|F(x,y) — F(x, x)|
max || TF(x, tx 4+ (1 —0)y)| lx — yl < elx — yl,
tel0,1]

IA

and the assertion is proved. O
Any homogeneous norm satisfies a kind of pseudo-triangle inequality.

Proposition 5.1.7 (Pseudo-triangle inequalities. I). Let d be a homogeneous norm
on G. Then there exists a constant ¢ > 0 such that:

D d(xoy) <edx) +d(y)),
2)d(xoy) > 1d(x)—d(y7),
3 dxoy) > 1dx)—cd(y)

foreveryx,y e G.

Proof. Due to the §,-homogeneity of d, inequality 1) is equivalent to the following
one
dixoy)<c ifdx)+d(y)=1.

This inequality holds true taking
c:=max{d(xoy) : dx)+d(y) = 1}.
Obviously, 1 < ¢ < co. From inequality 1) we now obtain
d(x)=d((xoy)oy ) <edxoy) +d(y™),

whence 2). Now, 3) follows from 2) and Corollary 5.1.5 with a suitable change of
the constantc. O

Given a homogeneous norm dy on G, the function
GxG > (x,y) > dx,y) :=do(y™ ox)
is a pseudometric on G. Indeed, we have the following proposition.

Proposition 5.1.8 (Pseudo-triangle inequalities. IT). With the above notation, there
exists a positive constant ¢ > 0 such that:
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1)d(x,y) < cd(y,x) forevery x,y € G (here ¢ can be taken = 1 iff dy is also
symmetric),

2)d(x,y) < c(d(x,z) +d(z,y)) for every x,y,z € G (the pseudo-triangle in-
equality for d),

3dx,y) =0iffx =y.

Proof. Tt immediately follows from Corollary 5.1.5 and Proposition 5.1.7. O

5.2 Control Distances or Carnot—-Carathéodory Distances

We begin with some important definitions.

Definition 5.2.1 (X-subunit path). Ler X = {X1, ..., X,,} be any family of vector
fields in RN . A piece-wise regular path y : [0, T]1 — R is said to be X-subunit if

(F(@),&)? <Y (Xl (y),§)° VEeRY,

j=1

almost everywhere in [0, T']. We shall denote by S(X) the set of all X -subunit paths,
and we put

Iy)=T
if [0, T is the domain of y € S(X).

We explicitly remark that every integral curve of £X; (j € {1,...,m}) is
X-subunit.

Convention. We assume R" is X-connected in the following sense (a proof of this
fact in the case of stratified vector fields will be given in Theorem 19.1.3 on page
716):

Foreveryx,y € RN there exists
y€SX), y:[0,T1— RY suchthaty(0) =x and y(T) = y.
Then the following definition makes sense.

Definition 5.2.2 (X-Carnot-Carathéodory distance). Suppose RY is X -connected.
Then, for every x, y € RN we set

dx(x,y) :==inf{{(y): y € S(X), y(0) =x, y(T) =y }. (5.6)

Under suitable hypotheses, the above inf is actually a minimum. For example,
in Appendix C, we show that this occurs if { X1, ..., X, } are generators of the first
layer of the stratified algebra of a homogeneous Carnot group (see also [HKO00]).

Proposition 5.2.3 (dy is ametric). I[fR" is X-connected, then the function (x, y)
dx(x,y) is a metric on RN, called the X -control distance or the Carnot—Carathéodo-
ry distance related to X.
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In what follows, when there is no risk of confusion, we shall simply write d
instead of dx.

Proof. It is quite easy to see that d is non-negative, symmetric and satisfies the tri-
angle inequality. To prove positivity, i.e.

(d(x, y) = 0) = (x=y), 5.7

we compare d with the Euclidean metric (which has an interest in its own). Given
x € RY and r > 0, define

n
M(x,r) = Sup{Z|XjI(Z)| C )z — x| §r}, (5.82)
j=1

where | - | denotes the Euclidean norm. We next show the following inequality

Mx,|x —yDdx,y) =[x —y| Vx,yeRY. (5.8b)
This will obviously imply (5.7). By contradiction, assume (5.8b) is false for some x
and y in R Then there exists yeSX),y:[0,T] > R, such that y(0) = x,
y(T) =yand M(x,|x —y|) T < |x — y|. As a consequence, if we put

= sup{t el0,T]: |ly@s)—x|<|x—ylfor0<s < t},

we have

t*
ly ) — x| = '/0 y(s)ds

m *
< Zfo X1 (y ()] ds
j=1

SME,x —yDt" <M, lx —yDT < |x —yl.

It follows that t* = T and |y — x| = |y (T) — x| < |x — y|. This contradiction proves
(5.8b). O

If the vector fields Xy, ..., X,, are left invariant w.r.t. the translations on a Lie
group G = (]RN ,o0), then the X = {Xy,..., X,;}-control distance has the same
property. Indeed, we have the following proposition.

Proposition 5.2.4 (Control distance of a left-invariant family). Ler G = (RY, o)
be a Lie group on R, and let d be the control distance related to a family of left

invariant vector fields X = {X1, ..., X;u} on G. Then
dix,y)=d(y 'ox,0) Vx,yeG, (5.9a)
and
dx~1,0)=d(x,0) VxeG. (5.9b)

The proof of this proposition will easily follow from the next lemma.
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Lemma 5.2.5. In the hypotheses of Proposition 5.2.4, let y : [0,T] — RN be a
X -subunit curve. Then a o y is X-subunit for every o € G.

Proof. If we denote by I" the path @ o y, we have
I'(s) = Tz, (¥ (s)) - y(s) almost everywhere in [0, T'].

Then, for every & € RV,

(I'(s), &) = ( (), (jfa(y(s))) 5) (since y is X-subunit)

-

(X1 ). (T (1) €Y

Ms

~.
I
_

Il
M=

(T (P (5)) - X1 (v (5)), g) (Proposition 1.2.3, page 14)

~.
Il

m

(XjI@oye). 87 =Y (X;1(r (). &)

j=1

I
Ms

~.
I
_

This proves that I" is X-subunit. O

Proof (of Proposition 5.2.4). Let x, y € G, and let y be a X-subunit path connecting
x and y. For every a € G, by the previous lemma, « o y is a X-subunit path connect-
ingaoxanda oy. Thend(a o x,a 0y) <d(x,y). Since x, y, « are arbitrary, this
inequality obviously also implies d(x, y) < d(« o x, @ o y). Thus, we have proved

dlaox,aoy)=dx,y) Vx,y, aecG. (5.10)

Choosing in (5.10) ¢ = y_l, we obtain (5.9a).
Putting x = 0 in (5.9a), we obtain d(y~1',0) = d(0,y) = d(y,0), which
is (5.9b). This completes the proof. O

The control distance related to homogeneous vector fields is homogeneous. More
precisely, the following assertion holds.

Proposition 5.2.6 (Control distance of a homogeneous family). Let d be the con-
trol distance related to a family X = {X1, ..., Xm} of smooth vector fields in RV .
Assume the X j’s are 0)-homogeneous of degree one with respect to the “dilations”

0. RV > RV 0 (xp, .o xn) = A%, L AV ),
where o1, ..., o are positive real numbers. Then
d(0r(x), 0(y)) = rd(x,y) Yx,yeRVVAi>o0. (5.11)

For the proof of this proposition we need the following lemma.
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Lemma 5.2.7. In the hypotheses of Proposition 5.2.6, let y : [0,T] — RV be a
X -subunit curve. Then, for every A > 0, the curve

F:[0,AT]1—> RN, I'(s):=05(y(s/0)
is a X-subunit path.

Proof. Forevery £ € RV, we have (note that g;, is a linear and symmetric map for it
is represented by a diagonal matrix)

(I"(s), &) = 2705 (7 (s /M), € = A2y (s/2), 02.(6))

(since y is X-subunit) < A2 Z <Xj1()/ (s/1)), ox (5))2
j=1

(2 or (X1 (v (s /M), €)

I
NE

.
Il
—_

(Corollary 1.3.6, page 35) = Z (Xj1(0n(y(s/M))), 5)2-
=1

Since 0, (y (s/A)) = I'(s), this proves the lemma. O

Proof (of Proposition 5.2.6). Let x,y € RY and let y : [0,T] — R be a X-
subunit curve connecting x and y. By the previous lemma, I'(s) = 0, (y(s/1))
(0 <s < At)isa X-subunit curve, so that, since I" connects g, (x) and 0, (y),

d(0)(x),0.(y)) =I(I") = AT = 11(y).
Then, being y an arbitrary X-subunit curve connecting x and Yy,
d(0:(x).0:(») <hd(x,y) Ya,yeRVVAx>0. (5.12)

This inequality obviously implies (replace x and y with 01/, (X) and 01/, (), respec-
tively, and then A with 1/A; then remove “~”

1
dx,y) = ~d(@(x),0:(y)) Vx,ye€ RY V> 0.

Then (5.12) holds with the equality sign and the proposition is proved. O

Theorem 5.2.8 (Control distance of a homogeneous Carnot group). Let G be a
homogeneous Carnot group on RN | and let d be the control distance related to any
Sfamily of generators for G. Then

G2 x> do(x) :=d(x,0) (5.13)

is a symmetric homogeneous norm on G.
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Proof. By means of Propositions 5.2.3,5.2.4 and 5.2.6, we are only left to prove that
dyp is continuous. For the proof of this fact, we refer to Theorem 19.1.3 on page 716.
O

Remark 5.2.9. The homogeneous norm (5.13), in general, is not smooth.

Corollary 5.2.10. Let G be a Carnot group. Denote by d the control distance related
to a family of generators for G. Then, for every compact subset K of G, there exists
a positive constant C (K ) such that

d(x,y) <CEK)Ix —yI'/" Vx,yeKk,
where r denotes the step of G.

(See also Proposition 5.15.1 (page 309) in Appendix C for an estimate from
below of d(x, y).)

Proof. It follows from Propositions 5.1.6, 5.2.4 and Theorem 5.2.8. O

5.3 The Fundamental Solution

Throughout the sequel, we shall make use of some maximum principles for sub-
Laplacians, which (for the reader’s convenience) we postpone to Appendix A of the
present chapter (see Section 5.13).

For our purposes, it is convenient to give the definition of fundamental solution
of a sub-Laplacian £ on a homogeneous Carnot group as follows.

Definition 5.3.1 (Fundamental solution). Let G be a homogeneous Carnot group
on RN Let L be a sub-Laplacian on G. A function I : RN \ {0} — R is a funda-
mental solution for L if:

(i) I e C¥@®RN \ {0}):
) I e LllOC (RN) and I' (x) —> 0 when x tends to infinity;
(iii) LI" = —Diracy, being Diracq the Dirac measure supported at {0}. More explic-

itly (recall that L* = L, being L* the formal adjoint of L),
/ I'Lodx = —p0) Ve CPMRY). (5.14)
RN

Theorem 5.3.2 (Existence of the fundamental solution). Let £ be a sub-Laplacian
on a homogeneous Carnot group G (whose homogeneous dimension Q is > 2). Then
there exists a fundamental solution I" for L.

(Note. Such a fundamental solution is indeed unique, as it will be proved in
Proposition 5.3.10.)
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Proof. The existence of such a fundamental solution may be proved by means of
very general arguments from the theory of distributions, based on the hypoellipticity
of £ and of its formal adjoint £* (= L), jointly with the well-behaved homogeneity
properties of L.

Indeed, from the hypoellipticity of £ (see property (AO), page 63) we infer the
existence of a “local” fundamental solution satisfying LI = —Diracg on a neighbor-
hood of the origin (see F. Treves [Tre67, Theorems 52.1, 52.2]). Moreover, by using
the homogeneity properties of £, a “local-to-global” argument can be performed. It
is out of our scopes here to give the details. The complete proof is due to G.B. Fol-
land and can be found in [Fol75, Theorem 2.1] (see also L. Gallardo [Gal82] for
some further properties of I" obtained via probabilistic techniques). An alternative
proof can be found in [BLUO2, Theorem 3.9]. O

From the integral identity (5.14) and condition (i) in the above Definition 5.3.1
we immediately get the £-harmonicity of I" out of the origin. Indeed, if we replace
in (5.14) a test function ¢ with support in RV \ {0}, by the smoothness of I" out of
the origin, we can integrate by parts obtaining

[ enear=0 veecrm¥on.
RN

This obviously implies
LI =0in RN \ {0}. (5.15)

A simple change of variable and the left-invariance of £ w.r.t. the translations on G
give the following theorem.

Theorem 5.3.3 (I' left-inverts L£). Let L be a sub-Laplacian on a homogeneous
Carnot group G. If I is a fundamental solution for L, then

/ ro~'ex) Lo dy = —p(y) Vo e CFPRY) (5.16)
RN

and every y € RV,

1

Proof. The change of variable z = y~" o x gives

/ F(y‘lox)&p(x)dx=/ ') (Ly)(yoz)dz. (5.17)
RN RN

On the other hand, since £ is left-invariant on G, then

(Lo)(yoz) = L(>p(y 02)).

Replacing this identity in (5.17) and using (5.14) with ¢(-) replaced by ¢(y o -), one
gets the thesis. O
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Remark 5.3.4. The integral identity (5.16) means that
L(I'(y~" 0-)) = —Diracy

in the weak sense of distributions. Here Dirac, denotes the Dirac measure supported
at {y}.

Due to identity (5.16), we can say that I” is a left inverse of £. We next prove
that I" is a right inverse too.

Theorem 5.3.5 (I" right-inverts £). Let L be a sub-Laplacian on a homogeneous
Carnot group G. If I' is a fundamental solution for L, then, for every ¢ € C3° (RM),
the function

RY 5y > u(y) :=/ I'(y" ' ox)px)dx (5.18a)
RN
is smooth and satisfies the equation
Lu=—¢. (5.18b)

The proof of this theorem requires some prerequisites. First of all, we note that a
change of variable in the integral at the right-hand side of (5.18a) gives

u = [ r@eend,
RN
Then we can differentiate under the integral sign and get the smoothness of . More-

over, if supp(¢) C {x : d(x) < R} (here d denotes a fixed homogeneous norm
on ), then

)| < supllF @) : d(y o) < R) fRN ()] dz
= C(y)/ lp(z)| dz. (5.19)
RN
On the other hand, by Corollary 5.1.5 and Proposition 5.1.7,
1
d(z) > Ed(y) —cd(yoz),
for a suitable positive constant ¢ independent of x, y, z. As a consequence,
1
C(y = sup{IF(z)l 1d(z) = Zd(y) —cR},

so that, since I”(z) vanishes as z goes to infinity, inequality (5.19) implies

lim u(y) = 0. (5.20)
y—00

We then show a crucial property of the (e, G)-mollifiers. The relevant definition is
the following one.
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Definition 5.3.6 (Mollifiers). Let G = (RY, o, 8,) be a homogeneous Carnot group
on RN . Let O be a fixed non-empty open neighborhood of the origin 0. Let also be
given a function J € C(‘)X’ (RN, R), J > 0, such that

supp(J) C O and / J=1
RN

For any ¢ > 0, we set J.(x) := e @ J(81/¢(x)).
Letu € LIIOC(RN). We set, for every x € RN,

e (x) == (u *g Je)(x) :=/ u(y) Je(x oy~ dy
]RN

= / u(z7' ox) Jo(2) dz. (5.21)
3:(0)
We call u, a mollifier of u (or (¢, G)-mollifier) related to the kernel J. Note that this
mollifier depends only on G = (]RN ,0,68,)and J.
For the use of mollifiers in a context of subelliptic PDE’s, see also [CDG97].

Example 5.3.7. Let G = (RY, o, 8,) be a homogeneous Carnot group on R¥ . Let o
be a fixed homogeneous symmetric norm on G. We set a notation which will be used
throughout the book. For every x € G and every r > 0, we set

By(x,r) = {y eG: Q()c_1 oy)<r }

We say that B, (x, r) is the g-ball with center x and radius r. Also, fixed a point
x € Gandaset A C G, we let

o-dist(x, A) := inf{g()Fl oa):a€A }

We call o-dist(x, A) the o-distance of x from A. The notation dist, (x, A) will also
be available.
Let now a function J € Cgo (RN ), J = 0 be given such that

supp(J) C B, (0, 1) and/ J =1
RN

For any ¢ > 0, we set J.(x) := e @ J (817 (x)).
Letu e Llloc(.Q), 22 € RY open. For the open set

2, :={x € 2 : p-dist(x, 052) > ¢},

we define

e (x) 1= (u %G Jp)(x) i= / u(y) Je(x oy~ dy
Q(-xv 8)

_ / (v~ o x) Jo(y) dy (5.22)
By(0,6)

for every x € £2,.
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We call u, a mollifier of u (or (¢, G)-mollifier) related to the homogeneous
norm o. Note that this mollifier depends only on G = (]RN ,0,68,),J and o.

Remark 5.3.8. Let the notation in Definition 5.3.6 be fixed. Let u € LllOC (RV). Then
the following fact holds:

(*) ug—>u as ¢ —>0 in LIIOC(RN).

Indeed, we have (perform the change of variable y = §;/¢(2))
e (x) = / u(e o x) eI (310 (2) dz = / u(e(y) 0 )T (3) dy.
5:(0) o
As a consequence (recall that f ol =D,

dx

/ Ius(x)—u(x)ldx=/ ‘/ U@ (y~" ox) J(y)dy —u(x)
RN RN [ Jo

dx

=f ‘/ ((@:(y™h ox) — u(x)) J(y)dy
RN [ JoO

s/ {/ |u(ag(y—1)ox>—u<x>|dx}1(y>dy.
[0 RN

Given 0 > 0, by well-known results, there exists € = (o, G, O) > 0 such that if
0 < & < &, then the integral in braces is < o for every fixed y € O. This proves
that

/ |ug(x)—u(x)|dx§0/J(y)dy:o VO <e<E,
RN o

i.e. (x) holds. O

Proposition 5.3.9 (L-harmonicity of the mollifier). Let G = (RN, 0, 8,) be a ho-
mogeneous Carnot group on RN . Let L be a sub-Laplacian on G. Let u € Llloc RY)

be a weak solution to Lu = 0in RV, i.e.
/ ulpdy=0 VgeCPRY). (5.23)
]RN

Then, if u. denotes the mollification on G w.r.t. any kernel J (as in Definition 5.3.6),

we have
Lu, =0 inG foreverye > 0. (5.24)

Proof. First, note that, being supp(Je) C §:(0),
0 = [ u o) 4 dy,
RN

For every test function ¢, we thus have (Fubini—Tonelli’s theorem certainly applies)
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/ w(x)&o(x)dx:/ Ega(x)(/ u(yloxwg(y)dy)dx
RN RN RN
_ f J;;(y)( / <£¢)<x>u(y—lox>dx>dy
RN RN

_ / Jg<y)( / (Lo)(y 02 u(z) dz) dy
RN RN

= / Jg(y)</ L(z+ ¢(yo2))u() dz) dy.
RN RN

The inner integral in the far right-hand side is equal to zero by the hypothesis (5.23).
Then

/ us(x) Lo(x)dx =0 Vg€ CSO(RN),
RN

so that the claimed (5.24) follows from the hypoellipticity of £ and the fact that
Lr=L 0O

With Proposition 5.3.9 at hand, it is easy to prove the uniqueness of the funda-
mental solution.

Proposition 5.3.10 (Uniqueness of the fundamental solution). Let £ be a sub-
Laplacian on a homogeneous Carnot group G. The fundamental solution of L (whose
existence is granted by Theorem 5.3.2) is unique.

Proof. Let I' and I'’ be fundamental solutions for £. Then the functionu = I" — I'’

has the following properties: u € LllOC RM), u(x) — 0 as x — oo and

/ ulpdy=0 VoeCPRY).
RN

As a consequence, by Proposition 5.3.9, Lu, = 0 in R" for every & > 0.

Thus, since ug(x) — 0 as x — oo (argue as in (5.20)), the maximum principle
in Section 5.13 implies u; = 0 in R¥. On the other hand, u, — u as ¢ — 0 in
LIIOC(RN ) (see Remark 5.3.8). Then u = 0 almost everywhere in RN sothat ' = I’
inRV\{0}. O

We now prove that I" is “G-symmetric” with respect to the origin. More pre-
cisely, the following assertion holds.

Proposition 5.3.11 (Symmetry of I'). Let L be a sub-Laplacian on a homogeneous
Carnot group G. Let I' be the fundamental solution of L. Then

rxH=rx) vVxeG\{0}.

Proof. Given ¢ € C§°(RY), define

u(x) := —/ I Vox)Le(y)dy, xe€G.
RN
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The function u is smooth and vanishes at infinity (see (5.20)). Moreover, for every
Y € CPRY),

/ Lu(x)y(x)dx = / u(x) Ly (x)dx
RN RN

= —/ Ego(y)(/ ro™! ox)&b(x)dx) dy
RN RN
= /N Lox)y(x)dx (by Theorem 5.3.3).
R

This proves that L(u — ¢) = 0 in G. Thus, since u — ¢ vanishes at infinity, by the
maximum principle, u = ¢ in RV, In particular,

0O =1 == [ roTenLot)dy Vo e CEEY)

so that x — I'(x~') is a fundamental solution of £ (see Definition 5.3.1). The
uniqueness of the fundamental solution (Proposition 5.3.10) implies I” @ H=rw
foreveryx €e G\ {0}. O

Finally, we are in the position to prove Theorem 5.3.5.

Proof (of Theorem 5.3.5). Let u be the function defined in (5.18a). Then u €
C*®(RY) and, for any test function ¥ € C{°(R"), one has

/ (L)) ¥ () dy = / u(y) LY (y) dy
RN RN

=/ &/f(y)(/ F(y‘ox)w(x)dx)dy

]RN ]RN

_ / (p(x)( / r(yloxw(y)dy)dx
RN RN

=f go(x)(/ F(x—loyww(y)dy)dx.
RN RN

Here we used Proposition 5.3.11 ensuring that F(y_1 ox) =I'(x'o y)_l) =
I'(x~' o y). Now, by identity (5.16), the inner integral at the far right-hand side is
equal to —yr(x). Then

[ oo vmds == [ pwwma vy ecFe,

This gives identity (5.18b). O
From the uniqueness of I" we easily obtain its §; -homogeneity.

Proposition 5.3.12 (8, -homogeneity of I'). Let L be a sub-Laplacian on a ho-
mogeneous Carnot group G. Let I' be the fundamental solution of L. Then I is
85-homogeneous of degree 2 — Q, i.e.

FG.x)=2>92rx) VvxeG\{0} Vi=>o0.
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Proof. For any fixed A > 0, define
I'(x):=2272r @G, (x)) VxeG\{0}.

It is quite obvious that I € C®@®RN \ {0) N L! (RN)and I""(x) — 0 as x — oo.

loc
Moreover, for every test function ¢ € C3° (RM),

/ I'(x) Lo@) dv = 2972 / T (8:(x)) Lo (x) dx
RN RN
(by using the change of variable y = §; (x))

_ 2 A; L) (L) 61 dy

(since L is §;-homogeneous of degree 2)

= /RN FML(pG1 () dy = =9 (81/2(0)) = —¢(0).

This proves that I'’ is a fundamental solution of £. Then, by Proposition 5.3.10,
I' = I'" and the assertion is proved. O

From the strong maximum principle in Theorem 5.13.8 we obtain another im-
portant property of I".

Proposition 5.3.13 (Positivity of I'). Let L be a sub-Laplacian on a homogeneous
Carnot group G. Let I' be the fundamental solution of L. Then

'x)>0 VxeG\{0}

Proof. Letg € C°(RY), ¢ > 0. Define

u(y) :=/ 1"(y_1 ox)p(x)dx, yeG.
RN

The function u is smooth, vanishes at infinity and satisfies the equation Lu = —¢
(see (5.20) and Theorem 5.3.5). Then

Lu <0inGand lim u(y) =0.
y—00
By the maximum principle in Corollary 5.13.6, it follows that # > 0 in G. Hence
/ r'y'ox)e@)dx >0 V(peCf)’o(RN), ¢ >0.
RN
Thus, I > 0, so that, since it is £-harmonic in G\ {0}, the strong maximum principle
in Theorem 5.13.8 implies I" = 0 or I'(x) > 0 for any x # 0. The first case

would contradict identity (5.14). Then I > 0 at any point of G \ {0}. This ends the
proof. O
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Corollary 5.3.14 (Pole of I'). Let L be a sub-Laplacian on a homogeneous Carnot
group G. The fundamental solution I" of L has a pole at 0, i.e.

lim I"'(x) = oo. (5.25)
x—0

Proof. Since I'" is smooth and strictly positive out the origin, we have
h:=min{l"(x) :d(x) =1} > 0.
Here d denotes any fixed homogeneous norm on G. Then, by Proposition 5.3.12,
F(x) = d()* 2T G1aw (@) = hd* 2 ).

From this inequality (5.25) immediately follows. O

5.3.1 The Fundamental Solution in the Abstract Setting

The aim of this brief section is to show how to derive a “fundamental solution” for
a sub-Laplacian £ on an abstract stratified group H, starting from the fundamental
solution of the related sub-Laplacian £ on a homogeneous-Carnot-group copy G
of HL.

Many other alternative “more intrinsic” definitions may be certainly provided, for
example, by making use of the integration on an abstract Lie group. We considered
more “in the spirit” of our exposition to pass through the homogeneous group G.
Besides, this also makes unnecessary to furnish the (lengthy) theory of integration
on manifolds.

Let H be a stratified group with an algebra . Let £ = 7', X? be a sub-
Laplacian on H, and let V = (Vj,..., V,) be the stratification of h related to L,
according to Definition 2.2.25, page 144. Let also £ be a basis for h adapted to the
stratification V.

By Proposition 2.2.22 on page 139 (whose notation we presently follow), there
exists a homogeneous Carnot group G = (R", o¢) which is isomorphic to H. Let
¥ : G — H be the isomorphism as in Proposition 2.2.22-(1). With the therein
notation, we have

W =Exp o, !,

where, for every & € RV, e ! (&) is the vector field in h having & as N-tuple of the
coordinates w.r.t. the basis £.

Let X Lsvvns X m be the vector fields in g (the algebra of G) which are ¥ -related
to X1, ..., Xy, respectively, i.e.

dlI/(fj)sz forevery j =1,...,m.

We set
m
L:=) (Xp*
Jj=1
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and (since Lisa sub-Laplacian on the homogeneous Carnot group G) we let r
denote its (unique) fundamental solution.
A possible definition of a fundamental solution for £ is

r=row (5.26)

Our task here is to show how I depends on the (arbitrary) choice of the above ba-
sis £. We show that, roughly speaking “up to a multiplicative factor”, I" in (5.26) is
intrinsic (see below for the precise statement).

To this aim, let £ and &, be two bases of ) adapted to the stratification V. With
the above notation, let (fori = 1, 2) G; = (RV, ©g;) and g; denotes the algebra
of G;. Moreover, we set

¥; == Exp ongil, i=1,02. (5.27)
Again fori = 1, 2, we also let
R0 RO
be the vector fields in g; which are ¥;-related to X1, ..., X, respectively, i.e.
dq/i(§§’)) =X, foreveryj=1,...,m. (5.28)

We set
m
L= Z(}?ﬁ.’))z, i=1,2.
j=1

Finally, ﬁ denotes the fundamental solution of Ei. We claim that
FQ =c12- fl o (llll_l o), where cjp:= |det (ngl o 71521)|. (5.29)

This will give ~ ~
Dow,'=cip-Tiow !, (5.30)

which proves the “almost” intrinsic nature of the definition (5.26) of I". We explicitly
remark that g, o gz !is a linear automorphism of RY, so that its determinant is well-
posed.

(Note. We explicitly remark that the uniqueness of the fundamental solution of
L up to a multiplicative factor is a matter of fact. Indeed, even in the homogeneous
Carnot setting, the fundamental solution depends on the measure within the integral
in (5.14) of Definition 5.3.1. In order to have a unique fundamental solution, the
choice of the Lebesgue measure on RY was quite natural (though arbitrary). Instead,
in the context of an abstract Lie group H, the Haar measure is unique only up fo a
multiplicative factor, and there is no effective way to prefer a Haar measure instead
of another. These remarks show that the constant in (5.30) is perfectly justified.)

We now turn to the claimed (5.29). By invoking Proposition 5.3.10, set

Na=ca-To (Wl_l o),
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then (5.29) will follow if we shoy that 111,2 satisfies (i), (ii) and (iii) of Defini-
tion 5.3.1 w.r.t. the sub-Laplacian L.
To begin with, observe that (thanks to (5.27))

llll_l oYy = (Exp ongll)_l ) (Exp o ”5_21) =g, o 715_21, (5.31)

and this last map is a linear isomorphism of RV. As a consequence, since I e
C® RN\ {0}, we immediately infer that the same holds for F] 2. This proves (i).

Moreover, since I 1 € LllOC (RV) and F] (x) —> 0 when x tends to infinity, the same

holds for fl,z, again thanks to (5.31). This proves (ii).
Finally, we prove (iii). First, note that from (5.28) one gets
dtpl(i;”) =X; = dqu()?j.z)) forevery j = 1,...,m,
ie. forevery j =1,...,m,
XM =aw o wz)(ij?)).
Set ¥y := llfl_l o ;. This gives
Ly = dw 5(Ly).
i.e. it holds
(Lif)owin=La(fora) Y feC®RYR). (5.32)

Let now ¢ € Ci° (RV). Then we have

[ Fia@o =i [ oo B ax
RN RV
(by the linear change of variable y = ¥ 2(x) = g, o ngzl, see (5.31))
~ ~ _ dy
e [ AO@GO@H0) 2 e (s32)
RV ' €12
= [ T v ) ds
(I is the fundamental solution of L 1and ¢ o llllle € CSO(RN )

= —(p o ¥,)(0) = —¢(0).

This proves (iii), and the proof is complete. O

5.4 L-gauges and L-radial Functions

On every homogeneous Carnot group, there exist distinguished smooth symmetric
homogeneous norms playing a fundamental role for the sub-Laplacians. We call
these norms gauges, according to the following definition.
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Definition 5.4.1 (L-gauge). Let L be a sub-Laplacian on a homogeneous Carnot
group G. We call L-gauge on G a homogeneous symmetric norm d smooth out of the
origin and satisfying

Ld*>2)=0 inG\{0}. (5.33)

An L-radial function on G is a function u : G \ {0} — R such that
ux) = fdx)  VxeG\{0}
for a suitable f : (0, 00) — R and a given L-gauge d on G.
The L-gauges are deeply related to the fundamental solution of L.

Proposition 5.4.2. Let L be a sub-Laplacian on a homogeneous Carnot group G.
Let I" be the fundamental solution of L. Then
(I~ ifx € G\ {0},
d(x) =

ifx=0
is an L-gauge on G.

Proof. The assertion follows from condition (i) in Definition 5.3.1, (5.15), Proposi-
tions 5.3.11, 5.3.12, 5.3.13 and Corollary 5.3.14. O

In the next section, we shall show the reverse part of Proposition 5.4.2 (see The-
orem 5.5.6): if d is an L-gauge on G, then there exists a positive constant B such
that I' = By d* 2 is the fundamental solution of L. As a consequence, by Proposi-
tion 5.3.10, the £-gauge is unique up to a multiplicative constant.

In Section 9.8, we shall also prove the following fact: if d is a homogeneous norm
on G, smooth out of the origin and such that

L£(d*) =0in G\ {0}

for a suitable « € R, « # 0, then « = 2 — Q and d is an L-gauge on G (see
Corollary 9.8.8, page 461, for the precise statement).
The sub-Laplacian of an £-radial function takes a noteworthy form.

Proposition 5.4.3. Let £ be a sub-Laplacian on a homogeneous Carnot group G.
Let f(d) be a smooth L-radial function on G \ {0}. Then

0-1

L(f@) = IVLd|2<f”(d) + = f/(d)), (5.34)

where, if L = 3", X?, we set Ve = (X1, ..., Xm).
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Proof. An easy computation gives (see also Ex. 6, Chapter 1)

L) =) X3(fd) = f"(d))_(X;d) + f(d))_ X3(d),

j=1 Jj=1 j=1

so that
Lf@) = f"(d)|Ved* + f'(d) Ld). (5.35)

(Note that (5.35) holds with the only assumption that f and d are smooth functions
on some open subsets of G and R, respectively, and f o d is defined.)

Applying this formula to the function f(s) = s>~ and keeping in mind (5.33),
we obtain

0=(1-0Q)d ?|Ved? +d' "¢ L),
hence 1
L(d) = |Vedf? QT.

Identity (5.34) follows by replacing this last identity in (5.35). O

If o is any (sufficiently smooth) homogeneous norm on G, the integration of a
o-radial function over a “p-radially-symmetric” domain reduces to an integration of
a single variable function.

Proposition 5.4.4. Let L be a sub-Laplacian on a homogeneous Carnot group G.
Let o be any homogeneous norm on G smooth on G \ {0}. Let f (o) be a function
defined on the g-ball B, (0, r) of radius r centered at the origin,

By(0,r) :={x e G:0ox) <r}.
Then, if f(0) € Ll(BQ(O, r)), it holds

,
/ flo(x)dx = Qg / s971 f(s)ds, (5.36)
Bo(0,r) 0
where w, denotes the Lebesgue measure of B, (0, 1),

wg 1= |B,(0, 1)].

Proof. The coarea formula gives

/ flo(x))dx = /r f(s)(/ 1 dHN—l) ds. (5.37)
By (0,r) 0 {o=s) IVo|

On the other hand, by using the §,-homogeneity of o, we have

r 1
—dHNl) ds = |B,(0,r)] = w, r2
/O (~/{Q:S} |VQ| ¢ ¢

for every r > 0. Differentiating this last identity with respect to r, we obtain

1
— dHN T = o-1 5.38
/{er} Vel Qewer (-38)

By using this identity in (5.37), we immediately get (5.36). O
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Corollary 5.4.5. Let L be a sub-Laplacian on a homogeneous Carnot group G. Let
o0 be any homogeneous norm on G. The function o® is locally integrable in RN if and

onlyifa > —Q.
Proof. 1f ¢ is also smooth on G \ {0}, by Proposition 5.4.4,

p
/ o%(x)dx = Qa)Q/ set@-lyg,
By (0,r) 0

and the assertion trivially follows.
If o is only continuous, we argue as follows. If @ > 0, the assertion is trivial. If
o < 0, we have

N
0“(x)dx =
/I;Q ©,r) kZO

/ 0% (x)dx
o Y r/2¥ 1 <o<r/2%}

N
1
<2 Y o /{ dx  (by x = 8,6 ()
k=0 r

/2 <p(x)<r/2k}

N0
= (r/2)* ~ka \ 7k d
(r/2) sza (2’<) /{1/25@(y><1} ’

k=0
N
= ¢r@ (/20 Y2 ket
k=0

hence, if o > —(Q, then ¢* is integrable on B, (0, r). The reverse assertion follows
by the same computation as above, by taking the obvious bound from below. O

A couple of examples of explicit £-gauges are in order. See also Example 5.10.3
and Chapter 18.

Example 5.4.6 (A-gauge). The classical Laplace operator in RN, N > 3,

N
A= Z Bfl_
j=1

is the canonical (sub-)Laplacian on the Euclidean group
E:=®R", +,5)

with §,x = A x. The homogeneous dimension of E is N and a A-gauge function is
the Euclidean norm

N 1/2
X = |x|:= <Zx/2) , x=(x1,...,XN).
j=1

Indeed, | - | is smooth and strictly positive out of the origin, §;,-homogeneous of
degree 1 and, as it is well known,

A(xP™M) =0 Vx#0. O
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On every group of Heisenberg type, noteworthy explicit L-gauges are known.
They were discovered by A. Kaplan [Kap80].

Example 5.4.7 (Ag-gauges). Let H = (R™" o, ;) be a (prototype) group of
Heisenberg type (see Section 3.6, page 169). Denoting by (x, t) the points of H,
x € R™, ¢t € R", we know that the canonical sub-Laplacian Ary on H takes the form
(see (3.14) on page 171)

1 n
Ag=Ast Ix[2A; + ];(B“‘)x, Vi) 3y, (5.39a)

Here, the B®)’s are n skew-symmetric m x m orthogonal matrices satisfying the
relation

B BYV) = —_BU) B for everyi, j € {l,...,n}withi # j.
The dilations {; },~0 are given by
8. (x, 1) = (A x, A1).

Then
Q=m+2n (5.39b)
is the homogeneous dimension of H. We want to show that

1/4

d(x,1) := (|x|* + 16 ¢]?) (5.39¢)

is a Ag-gauge. Here |x| and |7| denote respectively the Euclidean norm of x € R™
and r € R”. First of all, we remark that d is strictly positive and smooth out of
the origin, it is 8,-homogeneous of degree one and symmetric, since (x,#)~! =
(—x, —t). Now, we aim to compute Ap(d?>=2). To this end, it is convenient to fix
the following notation:

v(r,s) := 4+ 16s2, r=lx|, s=1tl;, a=Q2—-Q)/4.

Then
G(x,t) = dx,1))> 2 = r* + 1659 = v¥(r, 5).

Since B® is skew-symmetric, we have
(BPX, V,G(x,1)) =4 v* '+ (B®x,x) =0

forevery x € R™,t € R" and 1 < k < n. Then, by using (5.39a),

2
AuG = A, G + %A,G

2
,
= avo‘_1<Axv + ZAw)

2
tala—1) v“_2<|va|2 + %|v,v|2>. (5.39d)
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Now, thanks to the radial symmetry of v with respect to x and ¢, we easily obtain

2
Axv =@ +4mr?, T A = gnr? (5.39%)
and )
IV v]? = 16r°, % IVov)? = (167s)>. (5.39f)

Replacing (5.39¢) and (5.39f) in (5.39d), we get

ApG = 4a v P22 4 m +2n) + 16a(a — ) v* 22 +165%)
=40 v Q2+ Q +4( — 1)
= 42" (0 —2+40) =0 (beinga = (2 — Q)/4).

Then
Ap(d*2) =0inH\ {0},

and d in (5.39¢) is a Ag-gauge. O

Remark 5.4.8 (Cylindrically-symmetric functions on H). In the notation of the above
Example 5.4.7, we shall call cylindrically-symmetric any function u on H such that

u(x, 1) =v(lx|, 1)
for some function v = v(r,t),r € R, r > 0,t € R". Assume v is smooth. Then
(BWx, Veulx, 1)) = (BOx, x/Ix]) d,v(|x],1) = 0,
since (B®x, x) = 0 for every x € R™. As a consequence, keeping in mind (3.14)
and (3.16), we obtain the following form of Ay and | V| for cylindrically-symmetric
functions u(x, t) = v(|x|, t):

m—1

1
Agu = vy + Ur+ZV2At’
| (5.39g)
|Viu|* = v? + 1 r? | Vovl2.

Here, r = |x| and v, = 6, v, vy = 0.

5.5 Gauge Functions and Surface Mean Value Theorem

Let £ be a sub-Laplacian on the homogeneous Carnot group G, and let d be an £-
gauge. The aim of this section is to prove a mean value theorem on the boundary of
the d-balls for the £-harmonic functions. When L is the classical Laplace operator,
our result will give back the Gauss theorem for classical harmonic functions. We shall
obtain the mean value theorem as a byproduct of a representation formula for general
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C? functions. These representation formulas will play a major role throughout the
book.

For any x € G and r > 0, we recall that we have already defined the d-ball of
center x and radius r as follows:

Bi(x,r) ={yeG: dix'o y) <r}h (5.40)

Then
By(x,r) =x0Bg(0,r).
By using the translation invariance of the Lebesgue measure and the §, -homogeneity
of d, one also easily recognizes that
|Ba(x,r)| = r?|Ba(0, | =: wqr?. (5:41)
We explicitly remark that

0By(x,r) ={yeG: d(x_] oy)=r}

is a smooth manifold of dimension N — 1. Indeed, by Sard’s lemma, this holds true
for almost every r > 0. The assertion then follows for every r > 0, since d B4 (x, r)
is diffeomorphic to 9 B;(x, 1) via the dilation §,. (Note that, so far, d may be any
homogeneous norm smooth out of the origin.)

Definition 5.5.1 (The Kkernels of the mean value formulas). Let £ be a sub-
Laplacian on the homogeneous Carnot group G, and let d be an L-gauge. We set,
for x € G\ {0},

W (x) == Ved(x).

Moreover, for every x, y € G with x # y, we define the functions

IVed)?(x~ o y)
IV@d(x—o )|y’

Ue(x,y) =% ,(x ' oy) and Kg(x,y):= (5.42)

Remark 5.5.2. We explicitly remark that
¥, is §;-homogeneous of degree zero,

a fact which will be used repeatedly. We would like to recall that ¥, appears in the
“radial” form of L, see (5.34).

We also explicitly remark that, while ¥ is translation-invariant (i.e. ¥, (x o
x,ao0y) = ¥r(x,y)), the function I does not necessarily share the same property.
Moreover, when £ = A is the classical Laplace operator, then ¥, = K, = 1. For
a general sub-Laplacian £, we shall prove the following fact (see Proposition 9.8.9,
page 462):

The function W is constant if and only if
G is the Euclidean group.
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For instance, consider the following example.

Example 5.5.3. Let H = (R™*" o, §;) be a group of Heisenberg type. Denoting by
(x, t) the points of H, x € R™, ¢t € R”", we proved in Example 5.4.7 that the “Folland
function”

d(x,1) = (x[* + 16 |1)H)/*

is a Ap-gauge. Using (5.39g), we obtain

Wiy (x, 1) = |Vid(x, 1)|?

_(r 6+16 rs 2_ r\? r4+16S2
- \d a) \a) \a* a*)’
where r = |x| and s = [t|. Then

2
U= — G n£0.0. O
[x|* + 16 |7]2

Let 2 C G be an open set and u, v € C*(£2). By using the divergence form of
the sub-Laplacian £ (see (1.90a) on page 64),

£ =div(A(x) - VT),
we easily get
vLu—ulyv=divwA- Vi) —diviuA-VTv). (5.43a)

Let us now assume that £2 is bounded with boundary 8£2 of class C' and exterior
normal v = v(y) atany point y € 352. Then, if u, v are of class C? in a neighborhood
of £2, integrating (5.43a) on £2 and using the divergence theorem, we obtain the
Green identity?

/(vﬁu—uﬁv)dHN=/ (v(A-VTu, vy —u(A- Vv, v))dHN"!. (5.43b)
2 082

Hereafter, dH" (respectively, dH" 1) stands for the N-dimensional (respectively,
(N — 1)-dimensional) Hausdorff measure in RY. If we choose v = 1 in (5.43b), we

2 Another way to write the Green identity is the following one: if £ = ZT:I X 3 we have

m m
/(vﬁu—uﬁv)dHN:/ (vZXju(le,v)—u Zva(XjI,v))dHN_l.
2 982

j=1 j=1

This follows from (5.43b), recalling that (see (1.90b), page 64) A is the N X N sym-
metric matrix A(x) = o (x) a(x)T, where o (x) is the N x m matrix whose columns are
X11(x),..., XmI(x).
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obtain3
/EudHN=/ (A-VvTu,vydaHN !, (5.43¢)
2 082

so that

/ LudHY =0 Yu e CP(9). (5.43d)
2

Let us now consider an arbitrary open set O C RY such that By (x,r) C O fora
suitable r > 0. For 0 < ¢ < r, we define the “d-ring”

D¢, = By(x,r)\ Bg(x,e) ={y € RN :¢ < d()F1 oy) <r}.

Given u € C2(0), we apply the Green identity (5.43b) to the functions u and v :=
d*2(x o) onthe open set D, .. Since v is L-harmonic in G \ {0} (note that here
we apply, for the first time and with crucial consequences, the fact d is an L-gauge),
we obtain

/ vLu=S8-(u)— Se(u) + Te(u) — T (u), (5.43e)
Der
where we have used the following notation

Sp(u) := / v(A-VTu, vydaN 1,
0By (x,p)

T, (u) = / u(A-VTy, vydHN1
9B4(x,p)

Since v is constant on d By (x, p), keeping in mind (5.43c), we have

Sp(u) = pz_Q/ (A-VTu,vydHV ! = ,02_Q/ LudHY, (5.43f)
9By (x.p) By(x.p)
so that, by means of (5.41),
Se(u) = 2 O(Lul) — 0, ase — 0. (5.43g)

To evaluate T}, (1), we first remark that on 0 B4(x, p) one has
_ Vd(x'ov)
P IVEGTo !
and
(A-VIdx" o), Vi@ o)

(A-VIipny=02-0)d"2x""'0")

IV(d(x~1 o))
o Yo
oy -0 _“L% 99U
(see (5.1c)and (542)) = (2— Q) p IV dx—1o )|

3 Or, equivalently (see the previous note),

m
/LudHN=/ > Xju(X;1,v)dHN L
2 02 ;7 '
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Therefore, keeping in mind the second definition in (5.42),

T,w)=Q2—-0)p'? / u() Kex, y) dHN (), (5.43h)
9B4(x,p)
so that
Te(uw) = (u(x) +o(1)) Te (1), ase — 0. (5.431)
To compute T (1), we observe that (5.43e) with u = 1 gives
T.:(1) =T,(1) for0 < e < r < oo. (5.43j)
Hence, for every ¢ > 0,
T.()=Ti()=2-0) K,y daN =1 (5.43k)
dB4(x,1)

Finally, since v = d*>~2(x, -) € L' (By(x, r)) (see Corollary 5.4.5)

lim/ vﬁudHNz/ vLudHN.
Dq ,

e—0 Do.r

Therefore, as ¢ — 0, identity (5.43e) together with (5.43f)-(5.43k) give

/ vLudHY =r2*Q/ LudHY + Ty(1) u(x)
Bg(x,r) Bg(x,r)

-@2- Q)rI*Q/ ukpe(x, ) dHN 1. (5.43))
dBg(x,r)

‘We now observe that
ni(H)=@2-0) Ke(x,)dHN!
9Ba(x,1)
does not depend on x, i.e.

Q-2 Ke(x,)dHN!
0By (x,1)

=(0-2) KO, )dHY ! = (B~ (5.43m)
dB4(0,1)

Indeed, from (5.43j) we have
1 1
(1) — = f T,(1) r2 tdr
0 0

1
=02~ Q)/ / Kr(x, y)dHN"1(y)dr
0 JOBy(x,r)
(by the coarea formula) = (2 — Q) Ue(x, y)dHN1(y)
By(x,1)

=2-0) vy dHN.
By (0,1)
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Here we used the very definition (5.42) of the functions ¥, and K. and the left
invariance of ¥ . Incidentally, we have also proved that

B ' =00-2) v, dHY. (5.43n)
B4(0,1)

From identity (5.431), moving terms around, we obtain

(@ —=2)Ba N-1
M(X) = ,-Qi—l ABd(x’r) MKL(_X, ) dH

- ﬂd/ @2 o) =29 LudHV. (5.44)
Bg(x,r)

We have thus proved the following fundamental result.

Theorem 5.5.4 (Surface mean value theorem). Let L be a sub-Laplacian on the
homogeneous Carnot group G, and let d be an L-gauge on G. Let O be an open
subset of G, and let u € CZ(O, R).

Then, for every x € O andr > 0 such that Bg(x,r) C O, we have

u(x) = M, (u)(x) — N, (Lu)(x), (5.45)

where

M, (u)(x) = w Kex,2)uz) dHY " (2),
rQ ! dBg(x,r)
ah (5.46)

Ny (w)(x) = By / @ 2o —rm Y w(z)dHY (2),

Bg(x,r)
and B4 and K are defined, respectively, in (5.43m) and (5.42).
In particular, if Lu = 0, i.e. u is L-harmonic in O, we have

ux) = M,w)(x). (5.47)

Remark 5.5.5. When £ = A is the classical Laplace operator in RN, N > 3, the
kernel I is constant (X = 1). Then, in this case,

1
My (1) (x) = ———— /| | u(y)dHN—l(y):][ u(y)dHN 1y
x—y|=r

oy rN-1 lx—y|=r

(see (5.43m) and (5.46)) and (5.47) gives back the Gauss theorem for classical har-
monic functions. O

From Theorem 5.5.4, we straightforwardly also obtain the following result (see
also Corollary 9.8.8 on page 461 for yet another improvement).

Theorem 5.5.6 (“Uniqueness” of the £-gauges. I). Let L be a sub-Laplacian on
the homogeneous Carnot group G. Let d be an L-gauge on G, and let B4 be the
positive constant defined in (5.43m). Then

r=p;d 2 (5.48)

is the fundamental solution of L.
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Proof. Let ¢ € C(‘)’O(Q) and choose r > 0 such that supp(¢) C B4(0, r). Then, by
the mean value formula (5.45) (being u = 0 on 9 B4(0, r)),

9(0) = B4 / @722 — 79 Lo(z) dHY (2).
B4(0,r)

On the other hand, by identity (5.43d),
f > LodHN = 0.
B4(0,r)

Then, if I" is the function defined in (5.48), I € LlloC (RV) thanks to Corollary 5.4.5
and

—p(0) = fR @) Lo dHN @)

for every ¢ € CgO(Q). Moreover, I" is smooth in G \ {0} and I"'(z) — O as z — oo,
since Q — 2 > 0. Thus, by Definition 5.3.1, I" is the fundamental solution of £. O

From Theorem 5.5.4 we obtain the following asymptotic formula for L.

Theorem 5.5.7 (Asymptotic surface formula for £). Let L be a sub-Laplacian on
the homogeneous Carnot group G, and let d be an L-gauge.
Let 2 C G be open, and let u € C2(.Q, R). Then, for every x € §2, we have

fig M@ ) —u)
m =

r—0t r2

ag Lu(x), (5.49a)

where
aq = P f d*2(y) — ) dy. (5.49b)
B4(0,1)
Proof. The change of variable z = x o §,(y) in the integral defining N, gives
Ny(1)(x) = aqr? forevery x € G.
As a consequence, if u € C%(£2, R), from (5.45) we obtain

M, () (x) —u(x) = N (Lu)(x) = N, (Lu — Lu(x))(x) + N (D (x) Lu(x)
=agr*(Lu(x) +o(1)), asr — 0.

This proves (5.49a). O

5.6 Superposition of Average Operators. Solid Mean Value
Theorems. Koebe-type Theorems

As in the previous section, £ and d will respectively denote a sub-Laplacian and
an L-gauge on the homogeneous Carnot group G. We shall denote by B;(x, r) the
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d-ball with center x € G and radius » > 0 and by Q the homogeneous dimension
of G. We shall also assume, as usual, Q > 3.
Given an open set O C RY and a real number r > 0, we let

O, :={x € 0| d-dist(x,00) > r},

where
d-dist(x,30) := inf d(y~' ox).
yedO

Since the d-balls are connected, one easily recognizes that B;(x, p) € O for every
x € O and 0 < p < d-dist(x, 00). It follows that

Bs(x,p) € O Vxe Orand0 < p <r.

Letp : R — R be an L!'-function vanishing out of the interval ]0, 1[ and such that
Jg @ = 1.Forr > 0, define

t

or(t) == %40(;), reR.

Let us now consider a function u € C%(0). Then, if x € O,, from (5.45) we obtain
ux) = My (x) — N, (Lu)(x) forO < p <r.

We now multiply both sides of this identity times ¢, (o) and integrate with respect
to p. We thus get

ux) = @, w)(x) — @ (Lu)(x), x € Oy, (5.50a)

where ~
2,00 = [ 00 Mot dp (5.506)

and ~
D (w)(x) 1=/0 @r(P) Np(w)(x) dp. (5.50c)

By using the coarea formula, the average operator @, can be written as follows (we
agree to let u = 0 out of O)

D, (u)(x) = /N uz) or(x 1 oz2)dz (5.50d)
R

with
¢ (2) ==r 2 ¢(81,(2)
and
0(d(2))

J0 T (5.50€)

¢(2) == (0 —2)Ba ¥, (2)

We note that ¢ vanishes out of B;(0, 1) and
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> 9(p) / IVed@I1? | v >
dz = -2 —————dH d
/RN¢(Z) z=(0 ),Bd/o pQ_1< ey VA (y) )dp

=/ p(p)dp = 1.
0

Here we used (5.42), (5.43h), (5.43k) and (5.43m).
If the function ¢ is smooth and its support is contained in ]0, 1[, then ¢ €
C3°(RN), supp(¢) < B4(0, 1) and

x = @p(u)(x)

is a smooth map in O,, whenever u is just an Llloc(O)—function. We would like to

explicitly remark that in the integral (5.50d) the function
> ¢ (x~! o z) vanishes out of By(x, r).
As a consequence, if x € O,, that integral is performed on a compact set contained

in O, since Bi(x,r) C O.
If we choose

971 ifo<r <1,
o) = { N ,
0 otherwise,
then
@, (u) = M, (1) and ¢;k(w) = N, (w),
where
m
M, ()(x) = =5 vt oy u(ydy, (5.50f)
r Ba(x,r)
and
n r
N(w)(x) = —g/ pQ‘l(f (@2 oy) —pz‘Q)wmdy) dp,
r 0 Ba(x,p) (5.500)
DUg
being
mg := Q(0 —2)Byg and ng := Q B4. (5.50h)

Hence, from (5.50a), we obtain the following theorem.

Theorem 5.6.1 (Solid mean value theorem). Let £ be a sub-Laplacian on the ho-
mogeneous Carnot group G, and let d be an L-gauge on G. Let O be an open subset
of G, and letu € C2(0, R).

Then, for every x € O andr > 0 such that Bg(x,r) C O, we have

u(x) =M, ) (x) = Ny (Lu)(x), (5.51)

where
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Mr<u)<x)=’:%’ » )%(x—loy)u@)dHN(y),
d (X, 17

N, (w)(x) = -2 rpQ*‘ (@ 2" oy) - p* Qu(y)dy ) dp,
r2 Jo Ba(x.p)

and mg, ng and Y are defined in (5.50h) (see also (5.43m)) and (5.42).
In particular, if Lu = 0, i.e. u is L-harmonic in O, we have

u(x) =M, (u)(x). (5.52)

Remark 5.6.2. When L = A is the classical Laplace operator in RN, N > 3, one has
Y, = 1. Then, in this case,

1
M, (1)(x) = f u(y)dy = ][ u(y) dHY ()
wn rN lx—y|<r lx—yl<r

and (5.52) gives back the “Solid” Gauss theorem for classical harmonic func-
tions. 0O

The mean value theorems given by identities (5.47) and (5.52) characterize the £-
harmonic functions. Indeed, the following Gauss—Koebe—Levi—Tonelli type theorem
holds.

Theorem 5.6.3 (Gauss—Koebe-Levi—Tonelli type theorem). Let L be a sub-Lapla-
cian on the homogeneous Carnot group G, and let d be an L-gauge.

Let O be an open subset of G, and let u : O — R be a continuous function.
Assume that one of the following conditions is satisfied:

1) u(x) = M, u)(x) forevery x € O andr > 0 such that Bg(x,r) C O,
(i1) u(x) = M, (u)(x) for every x € O andr > 0 such that B;(x,r) C O.

Thenu € C*°(0) and

Lu=0 inO.
Proof. Assume condition (i) is satisfied. Then
u(x) =M,wu)(x) forO<p<=<r. (5.53)

Let ¢ € Cgo (10, 1[, R) be such that fR ¢ = 1. Multiply both sides of (5.53) times
©r(p) = @(p/r)/r. An integration with respect to p gives

ulx) =@, u)(x) Vxe O,

where @, (1) is the integral operator (5.50b). From (5.50b) we get
u(x) = / u(@) ¢y (x~' o z)dz,
0

where ¢,(z) = r=@Q ¢(81/r(2)) and ¢ is the smooth function defined by (5.50e). It
follows that u € C*°(0). Condition (i) and identity (5.45) now give N, (Lu)(x) = 0
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forevery x € O and r > O such that B;(x, r) C O. Since the kernel appearing in the
integral operator N, is strictly positive, this implies Lu = 0 in O. Thus, the theorem
is proved if condition (i) is fulfilled.

Let us now assume (ii). Since p = M, (u)(x) is continuous on ]0, r] and

Mr(u)(x)=r%/0 P2~ M, (u)(x) dp,

from (ii) we get

0r9 u(x) = dinu(x)) _ ol /rpQ“Mpwxx)dp
r dr Jo
= 0r97!" M, (u)(x).

Hence u(x) = M, (u)(x) for every x € O and r > 0 such that B;(x,r) C O. Then
u satisfies condition (i), so that u € C*°(0O) and Lu =0in O. 0O

Remark 5.6.4 (Another Koebe-type result). In the hypotheses of Theorem 5.6.3, if
u : O — Ris continuous and satisfies

u(x) = @, (u)(x) Yr>0Vxe O,

where @, is the integral operator in (5.50d) related to a smooth function ¢ €
C5°0, 1[, R) (see also (5.50b)), then u € C*°(0). As a consequence, by identity
(5.50a), @ (Lu) = 0in O, for every r > 0. It follows that

Lu=0 in0O. O

From Theorem 5.6.1 we obtain another asymptotic formula for the sub-Lap-
lacians.

Theorem 5.6.5 (Asymptotic solid formula for £). Let L be a sub-Laplacian on the
homogeneous Carnot group G, and let d be an L-gauge.
Let 2 C G be open, and let u € Cz(.Q, R). Then, for every x € §2, we have

M, (1) (x) — u(x)

lim 5

r—0t r

where ag = Q aq/(Q + 2) (and aq is as in (5.49b)).

=ag Lu(x), (5.54)

Proof. From (5.50g) we obtain (by recalling the definition (5.49b) of a;)

QBa (" _
N = 50 [ ([ (@0 - 1)dy)do =
r 0 B4(0,1)
Then, by Theorem 5.6.1 (arguing as in the proof of Theorem 5.5.7), we get
M, () (x) = u(x) = agr’(Lu(x) + o(1)), asr — 0%,

and (5.54) follows. O
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5.7 Harnack Inequalities for Sub-Laplacians

In this section, we shall prove some type of Harnack inequalities for sub-Laplacians.
Our main tool will be the solid average operator M, in (5.50f).

Let d be an £-gauge on G, let ¢4 be the positive constant of the pseudo-triangle
inequality (see Proposition 5.1.8)

dxloy) <es(dx o) +dz oy) Vi, v, z€G, (5.55)

and let ¥, = |V2d|* be the kernel appearing in the average operator M, in (5.50f).
The following lemma will play a fundamental role in this section: it will allow us
to compare the average on different d-balls of a given non-negative function.

Lemma 5.7.1. Let L be a sub-Laplacian on the homogeneous Carnot group G, and
let d be an L-gauge. For every r > 0, there exists a point 7o = zo(r) € G satisfying
the following conditions:

(i) d(z0) = A,
(i) Yo(x ' oy) > pand ¥y~

for every x € By(zo,r) and every y € B4(0,2¢4r). Here A > 1 and u > 0 are
real constants independent of r (depending only on G, d and L).

Yox)>p

Proof. We split the proof into three steps.

(D The set

{y e G\ {0} |¥L(y) =0}

has empty interior. Indeed, suppose by contradiction ¥, (y) = 0 for every y in a
neighborhood U of a suitable yo # 0. Then, since ¥, = |V d|?, this gives V¥, =
0 on U, so that, by Proposition 1.5.6 (page 69), d is constant in an open set containing
yo. As a consequence, the function » — d(§,(yp)) = r d(yp) is constant near » = 1.
This implies d(yp) = 0, which is a contradiction with the assumption yy # 0.

(II) From step (I) and the homogeneity of ¥, we infer the existence of a point
yo € G, d(yp) = 1, such that

Yr(yo) >0 and lI/L(yJI) > 0.

Then, by the continuity of ¥ out of the origin, there exist two positive constants o
and p (with o < 1) such that

WrEoyom =pn,  WeEoyy om>p (5.56)

for every &, n € G satisfying the inequalities d(§), d(n) < 2c¢g 0.
(IIT) For any fixed r > 0, we let zg := 8, ,(yo) with A = 1/0. Let x € By(z0, 1)
and y € B4(0,2 ¢y r). From the second inequality in (5.56) we obtain

We(x T oy) =Wp((x T oz0)ozy ! 0y)
(by the homogeneity of W)
=W, (8170 (x " 020) 0 3y 081/ () = K,
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since d(81/(.r) (x"1ozp) <o and d(81/6.rn(¥)) < 2¢4 0. Analogously, from the
first inequality in (5.56) we obtain
We(y tox)=we(y ozoo(zg' 0x))
=¥ (81/0n( Hoyo 31/(M)(ZO_l 0x)) > u,

since d(@]/(kr) (ZE1 ox)) <o and d(81/(“)(y_1)) <2c¢cqo0. O
To state the next theorem, it is convenient to introduce the following constants
Oy ;= cq(1 +cqg(1+ 1)), 0 :=cqg(A + 0p). (5.57)

Theorem 5.7.2 (Non-homogeneous Harnack inequality). Let £ be a sub-Lapla-
cian on the homogeneous Carnot group G, and let d be an L-gauge. Let 2 C G
be open. Finally, let xy € 2 and r > 0 be such that By (xo,0r) C $2 (here 0 is as
in (5.57), see also Lemma 5.7.1 and (5.55)).

Then, for any p € (Q/2, oo], we have

sup u Sc{ inf w4 r>9P I Cullyp } (5.58)
By (x0.r) By(xp, 1) L?P(Bg(x0,07))

for every non-negative smooth function u : §2 — R. Here ¢ is a positive constant
depending only on G, d, L and p and not depending on u, r, xo and 2.

Proof. Since L is left invariant, we may assume xo = 0.

We split the proof in several steps. M, will be the average operator in (5.50f) and
z0 = zo(r) the point of G given by Lemma 5.7.1.

() There exists an absolute constant* ¢ > 0 such that

M, (u)(x) = e€Mg,r(u)(z0)  Vx € By(0,r). (5.59)

Indeed, for every x € B4(0, r), we have

By(x,7r) € By(0,2¢4r) € By(0,6p7) C £2,

whence (being u# non-negative)

M, (u)(x) < ( sup lllg) md u(z)dz
G\{0} 2 e

(by the first inequality in Lemma 5.7.1-(ii))
Cj

<5 Wr(zp' o 2)u(z)dz,
r Bj(x,r)

where €| = mg/p supg, (o) . We remark that ¢; < oo, since ¥ is smooth out of
the origin and §;-homogeneous of degree zero. Then, since we also have

4 Hereafter, we call absolute constant any positive real constant independent of u, r, xg
and £2.
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Ba(x,r) S Ba(zo,60r) < Ba(0,60r) C £2,
we get (again by the non-negativity of u)

C]

_ C]
M, () (%) = —5 f ‘I’L(Zol o z) u(z) dz = — My, (1)(20)-
r By (20,00 1) mq

This proves (5.59) with ¢ = ¢1/mgy.
(IT) There exists an absolute constant ¢ > 0 such that
M, (u)(z0) < e¢Mg,r)(y)  Vy € B4(0,r). (5.60)

This inequality can be proved just by proceeding as in the previous step, by using the
second inequality in Lemma 5.7.1-(ii) and the inclusions

By(z0,7) € By(y,607) € By(0,071) C £2.

(IIT) Let finally x, y € B4(0, r). Then, by repeatedly using the solid mean value
theorem 5.6.1, we have

u(x) = M, (u)(x) — N (Lu)(x) (by (5.59))
< eMyy, (1) (z0) — N, (Lu)(x)
= ¢(u(z0) + Noyr (Lu)(20)) — Ny (Lu) (x)
= ¢(M, (u)(z0) — Nx(Lu)(z0) + Nog, » (Lu)(z0)) — Ny (Lu)(x).

On the other hand, from (5.60),
M; ()(z0) < €My, () (y) = ¢ (u(y) — Ngy - (Lu)()).

By using this last estimate in the previous one, we infer that u(x) is bounded from
above by a suitable absolute constant ¢ times

u(y) + Ngo r (L) (Y] + IN- (L) (z0)| + [Nog r (Lu) (20)| + [Ny (Lu) (x)]

forall x, y € B4(0, r).
An elementary computation based on Holder’s inequality shows that

IN,(w)(x)| < ¢, 72727 Jw | (5.61)

LP (Ba(x,r))

for 0/2 < p<oo,p' = p/(p—1)and

1/p’
c,,::nd</ (d(z)2—9—1)dz> :
d(z)<l1

Thus, keeping in mind the inclusions

By(y,007), Ba(z0,7), Ba(z0,6007), Ba(x,r) € By(0,07),

from the upper bound of u(x) and from (5.61) we obtain (5.58) when xo = 0. This
ends the proof. 0O
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Theorem 5.7.2 contains the following “homogeneous” Harnack inequality.

Corollary 5.7.3 (Homogeneous invariant Harnack inequality). Let £ be a sub-
Laplacian on the homogeneous Carnot group G, and let d be an L-gauge. Let 2
be an open subset of G, and let u : 2 — R be a non-negative smooth solution to
Lu = 0. Then

sup u<c inf u (5.62)
Ba(xo,r) Ba(xo.r)

for every xo € 2 andr > 0 such that By(xo,0r) C §2. The constant ¢ depends only
on G, L and d and does not depend on u, r, xo and §2.

By using a covering argument, from the non-homogeneous Harnack inequality
of Theorem 5.7.2 one obtains the following theorem.

Theorem 5.7.4 (Non-homogeneous, non-invariant Harnack inequality). Let £ be
a sub-Laplacian on the homogeneous Carnot group G, and let d be an L-gauge. Let
§2 be an open subset of G, and let K and K be compact and connected subsets of
2 such that K C int(Ky).

Then, for every p € (Q/2, o0], there exists a positive constant ¢ = ¢(K, Ky, £2,
L,d, p, Q) such that

s;pu < c{1lréfu+ | Lu ”LP(KO)] (5.63)

foreveryu € C*(8£2,R),u > 0.

Proof. Let{D;|j =1, ..., q} be a finite family of d-balls D; = By(x;, r;) such
that (here 0 is as in (5.57)):

(i) K c Ui, Dy,
(ii)) @ Dj := By(xj,0r;) C Koforany j =1,...,q,
(iii) DjNDjy #WPforevery je{l,...,q — 1}

We explicitly remark that such a covering exists, since K is compact, connected
and contained in the interior of K.
By Theorem 5.7.2, we have

supu < c{infu+ I Lu ||Lp(9Dj)}, j=1,...,q,
D; Dj

for every u € C*(£2, R), u > 0. The constant ¢ is independent of u.
Then, inequality (5.63) will follow by a repeated application of the following
elementary lemma. O

Lemma 5.7.5. Let A| and Ay be arbitrary sets such that A1 N Ay # 0. Suppose
u: A; N Ay — Ris a non-negative function satisfying

sup u §c[i£fu+L,-}, i=1,2, (5.64)
A; i
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for suitable constants c>1 and L; > 0,i = 1, 2. Then

sup ufcz{ inf u+L1+L2}.
AjUA, AUA,

Proof. We have to show that
u(x) < cfu(y) + L1 + Lo} (5.65)

for every x, y € A1 U Ay. Now, if x, y € Aj or x, y € Ay, then inequality (5.65)
directly follows from (5.64). Suppose x € A; and y € A; and choose a point z €
A1 N Aj. By hypothesis (5.64),

u(x) <cfu(z)+ L1} and u(z) <c{u(y)+ L2}

Hence
u(x) <cf{c(y)+ L2)+ L},

and (5.65) follows. 0O
From Theorem 5.7.4 one obtains the following improvement of Theorem 5.7.2.

Corollary 5.7.6 (Non-homogeneous invariant Harnack inequality). Let £ be a
sub-Laplacian on the homogeneous Carnot group G, and let d be an L-gauge. Let
2 C G be open, and let r, R and Ry be real constants such that 0 < r < R < Ry.

Assume
r R d By(xo.Ry) C 2
-, — < an X0,
R’ Ro P d\X0, X0
for suitable p < 1 and xg € 2.
Then, for every p € (Q/2, ool, there exists a constant ¢ > 0 such that

sup u < C{ inf w4 R>Q/P | Lullyp } (5.66)
By (x0.7) By(xo, 1) L¥(Ba(xo, R))

for everyu € C*°(2,R), u > 0. The constant ¢ depends only on G, L, d, p and p
and does not depend on u, r, R, Ry, §2 and xy.

Proof. Since L is left invariant, we may assume xo = 0. Let us put
ur(x) :==u(dr(x)), x €d1/r(£2).

Then, by applying Theorem 5.7.4 to the function ug, the compact sets K =
B4(0, p) and Ky = B4(0, 1) and the open set B;(0, 1/p) (which is contained in
B4(0, Ro/R) C 81/r(£2)), we obtain

sup ug < c{ inf ugp+ || Lupg ||Lp(3d(o,1))}
By (0,p) B4(0,p)

= c{ inf ug+ R*P || Lu ||LP(Bd(0,R))}’
Ba(0.p)
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with ¢ > 0 depending only on the parameters in the assertion of the corollary. Note
that we have also used the §,-homogeneity of £ (of degree 2). From this inequal-
ity (5.66) follows, since

sup ug= sup u > sup u and inf ugp < inf u.
B4(0.p) B4(0.R p) B4(0.r) B4(0.p) B4 (0.r)

This ends the proof. O

Theorem 5.7.4 and the §;-homogeneity of £ easily imply the following Harnack
inequality on rings.

Corollary 5.7.7 (Harnack inequality on rings). Let L be a sub-Laplacian on the
homogeneous Carnot group G, and let d be an L-gauge. Let u be a smooth non-
negative function on the ring

AR = {x eG|cR <dx) < R/c},

where R > 0and 0 < ¢ < 1. Let 0 < a < b < c. Then, for every p € (Q/2, 00],
there exists a constant ¢ > 0 such that

sup u < c{ inf u+ R || Lu ||y p } (5.67)
Are AR LP(ARp)

The constant ¢ depends only on G, L, p, d, a, b and ¢ and does not depend on u
and R.

Proof. The change of variable x — &g (x) reduces (5.67) to the analogous inequality
with R = 1. This last one follows from Theorem 5.7.4. O

Remark 5.7.8 (The Harnack inequality in the abstract setting). According the con-
vention in the incipit of the chapter, given an abstract stratified group H, via the
isomorphism ¥ between H and a homogeneous Carnot group G, all the Harnack
inequalities of the present section do possess a counterpart in H.

For example, it suffices to consider the results in Remark 2.2.28 in order to derive
the following result from Theorem 5.7.4.

Theorem 5.7.9 (A Harnack inequality in the abstract setting). Let H be an ab-
stract stratified group, and let L be a sub-Laplacian on H. Let §2 be an open subset
of H, and let K be a compact and connected subset of §2.

Then there exists a positive constant ¢ = ¢(H, L, §2, K) such that

supu < c infu,
K K

for every non-negative function u € C*° (82, R) satisfying Lu = 0 in 2.

We close this section by giving the following “monotone convergence” theorem.
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Theorem 5.7.10 (The Brelot convergence property). Let H be an abstract strati-
fied group, and let L be a sub-Laplacian on H. Let 2 C H be open and connected.
Let {u,}neN be a sequence of L-harmonic functions in $2, i.e.

€ C®(£2,R)and Lu, =0in 2 foreveryn € N.
Assume the sequence {un}neN is monotone increasing and

sup{u, (x0)} < o0 (5.68)
neN
at some point xy € §2. Then there exists an L-harmonic function u in $2 such that
{un}neN is uniformly convergent on every compact subset of §2 to u.

Proof. By the results in Remark 2.2.28, it suffices’ to consider the case when £ is a
sub-Laplacian on a homogeneous Carnot group G.

Let K be a compact subset of £2. Since £2 is connected, there exists a compact
and connected set K* such that

K C K* C 2 and xo € K.
Then, by Theorem 5.7.4,
sup(un — ) < sup(up — uy) < cinfg(u, — upy)
K

K*
c(uy(xg) — Uy (xp)) foreveryn > m > 1.

IA

The constant ¢ is independent of n and m. Then, by condition (5.68), {u,}, is uni-
formly convergent on K. Since K is an arbitrary compact subset of £2, {u,},eN is
locally uniformly convergent to a continuous function # : 2 — R. On the other
hand, by the solid mean value Theorem 5.6.1, for every x € £2 and r > 0 such that
By(x,r) C §2, we have

u,(x) =M, (u,)(x) VneN.
Letting n tend to infinity (by the uniform convergence u, — u), we get
u(x) =M, (w)(x) VYxeR,r>0: By(x,r) C £,
and now the Koebe-type Theorem 5.6.3 implies
ueC®,Ryand Lu =0in 2. O

5 Indeed, following the notation in Remark 2.2.28 and in the assertion of the above theorem,
the following facts hold: the (abstract) sub-Laplacian £ is ¥-related to the sub-Laplacian
L on G;setiy :==upoW, Q2= 11/_1(9) Xo = lI/_l(xo) then 2 is open and connected
in G v (recall that ¥ is a homeomorphism), the sequence {tin}heN is monotone increasing
on 2, bounded in X and Eun = 0on 2. Finally, if K is a compact subset of H, then
K:=w~ Lkyisa compact subset of G, and

sup |up — u| = sup |uy — ul.
K K
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The above Brelot convergence property implies the following strong minimum
principle (see also Section 5.13 for a more exhaustive investigation of maximum—
minimum principles).

Corollary 5.7.11 (Strong minimum principle). Let £ be a sub-Laplacian on an
abstract stratified group H. A non-negative solution to Lu = 0 on an open connected
set §2 C H vanishes identically iff it vanishes at a point.

Proof. Apply the result of Theorem 5.7.10 to the sequence {n - u |n € N}. O

5.8 Liouville-type Theorems

The classical Liouville theorem for entire harmonic functions also holds in the sub-
Laplacian setting. Indeed, the Harnack inequality of Corollary 5.7.3 implies the fol-
lowing theorem:

Theorem 5.8.1 (Liouville theorem for sub-Laplacians). Let H be an abstract strat-
ified group. Let L be a sub-Laplacian on H. Let u € C°°(H, R) be a function satis-

fying
u>0and Lu =0 inH.

Then u is constant.

Proof. By the results in Remark 2.2.28, it suffices® to consider the case when £ is a
sub-Laplacian on a homogeneous Carnot group G. Define

m = i(gfu and v:=u—m.

Then v > 0 and Lv = 0 in G. From Harnack inequality (5.62) we obtain

sup v<c inf v, ¢ independent of r.
Ba(0,r) Ba(0.r)

From this inequality, letting  tend to infinity, we obtain

0 <supv <cinfv=0,
G G

which impliesv=0andu =m. O

Theorem 5.8.1 can be viewed as a particular case of the following stronger ver-
sion of the Liouville property for L.

6 Indeed, the (abstract) sub-Laplacifm L is ¥-related to the sub-Laplacian LonG and, set
U:=uoW,wehave u > 0and L& = 0 on G. Once we have proved that # is constant on
G, the same follows foru = o WL,
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Theorem 5.8.2 (Liouville-type theorem-polynomial lower bound). Let L be a
sub-Laplacian on the homogeneous Carnot group G. Let u be an entire solution
to Lu = 0, i.e. afunctionu € C®(G, R) such that Lu = 0 in G. Assume there exists
a polynomial function p on G such that

u>p inG.
Then’ u is a polynomial function and degg u < degg p.

The inequality degg u < degg p can be strict: take, for example, u = 0, p =
—x12, so that degz u = 0 < 2 = degg p.

Remark 5.8.3. All the results in this section involving polynomial functions are ob-
viously related to the fixed coordinates on a homogeneous Carnot group.

Abstract counterparts of these results are available in the obvious way. A poly-
nomial function on the abstract stratified group H is a function P : H — R such
that p := P o Exp is a polynomial function on the vector space ) (the Lie algebra
of Hl), i.e. p is a polynomial function when expressed in coordinates w.r.t. any (or
equivalently, w.r.t. at least one) basis for fj. All the details are left to the reader. O

Theorem 5.8.2 is an easy consequence of the following one.

Theorem 5.8.4 (Liouville-type theorem-polynomial sub-Laplacian). Let £ be a
sub-Laplacian on the homogeneous Carnot group G. Let u be a smooth function
on G satisfying

u>0 and Lu=winG,

where w is a polynomial function. Then u is a polynomial function and
degp u < 2+ degg w.

More precisely,
degg w ifdeggu =0,

d = 5.69
“Ee {2+deg@,w ifdeggu > 2. (>-69)

The case degg u = 1 cannot occur, since a polynomial of G-degree 1 cannot be a
non-negative function.

The proof of this theorem will follow from a representation formula that we shall
deduce from identity (5.50a) in Section 5.6.
We first show how Theorem 5.8.2 can be obtained from Theorem 5.8.4.

Proof (of Theorem 5.8.2). We first recall that £ is a differential operator, §;-homo-
geneous of degree two, and its coefficients are polynomial functions. Then, if u > p
and Lu = 0, we have

u—p=>0and L(u — p) = w,

7 See Definition 1.3.3 on page 33 for the definition of the G-degree degg (p) of a polynomial
p and the G-length || of the multi-index «.
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where w := —Lp is a polynomial whose G-degree does not exceed
max{0, degg p — 2}.
From Theorem 5.8.4 it follows that u — p is a polynomial and that
degg (u — p) < 2+ degg (w) <2+ max{0, degg p — 2} = max{2, degg; p}.

Hence, u = (u — p) + p is a polynomial function and its G-degree does not exceed
max{2, degg p}.

If deg p > 2, this gives the assertion of Theorem 5.8.2. It remains to consider
the cases degg; p = 0 and degi p = 1 (indeed, in these cases the above argument
only proves that degg u < 2, which is weaker than degg u < degg p). In both cases,
Lp = 0, so that the hypotheses of Theorem 5.8.2 rewrites as

u—p=>0, Lu—-—p)=0 in G.
Hence, by Liouville Theorem 5.8.1, u — p is constant, whence
u = (u — p) + p = p + constant,
so that u is a polynomial function of the same G-degree as p. O

We next prove a representation formula having its own interest and useful for the
proof of Theorem 5.8.4.

Proposition 5.8.5. Let £ be a sub-Laplacian on the homogeneous Carnot group
(G, %), and let d be an L-gauge on G. Let u € C*®°(G, R) be such that

Lu=w inG, (5.70a)
where w is a polynomial function. Then

u(x) = S, x) — Y €yl w®@ (x) el (5.70b)

lot|g<m

for any x € G and r > 0. @, denotes the integral operator (5.50b) related to a
smooth function ¢ € Cgo((O, 1), R). Moreover, m is the G-degree of w,

w® (x) := DY ly=ow(x * y)

and, for any o with |¢|g < m, C (Qa) is a positive constant depending only on o,

Q and d. In particular, w'®) is a polynomial function with G-degree not exceeding
m — |a|g.

Proof. 1dentity (5.50a) in Section 5.6 and hypothesis (5.70a) give

u(x) = @r(u)(x) — &F(w)(x),
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where @} (w)(x) = 5 ¢r(p) N, (w)(x) dp, and
Np(w)(x) = ﬁdf @ 2w y) = p D w(y)dHN (y)
By(x,p)

- ﬁd/ (@ C(y) — @) wix  y) dHY ().
B4(0,p)

We now claim that

(@)
wx xy) = Z wo ) v, (5.71)

o!
lelg=<m

where w©® = Dfly=ow(x * y) is a polynomial function of G-degree < m — |a|g.
Taking this claim for granted for a moment, we have

@ (w)(x)

() o0 d
=Y Z ,(x) ﬂd/ <p<£> </ @ 2@y — p* 9y dHN(y)>—’O
al 0 r ) \JBstx.p) r

lelg=m

(by using the change of variables y = §,(z) and p =r o)
— Z C(QO‘) w® (x) P2tlele

lelg<m

where

e = b / w(o)(f (dZ—Q(z>—1>z“dHN<z>)da-
a Jo B4(0,1)

Then, we are left with the proof of (5.71). Since w is a polynomial function and
(x,¥) = x % y has polynomial components too, one has

w(x *y) = Z Ca,p X% yP
lelg+IBlg=n
for a suitable positive integer n and real constants ¢y, g. We have to prove only that
n < m. Now, since degg w < m,
w(z) = Z cy2¥, ¢y € Rforany y.
lylg=m
Then, since §, is an automorphism of the group G,

Z Cap sleletiBle o yﬂ = w8 (x) * 8,.(¥))
lelg+IBlg=n

=w@xy)) = Y ¢ AE (xxy)?
lylg=m

for every x, y € G and A > 0. As a consequence,
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Z ca,ﬂx“yﬁzo Vx,yegG,
m<la|g+|Ble=n

so that
wExy) = Y capx®yF,
lalg+IBle=m
and the claim follows. This completes the proof. O

We are now in the position to prove Theorem 5.8.4.

Proof (of Theorem 5.8.4). In the Harnack inequality (5.58) of Theorem 5.7.2, take
x0=0,r =2|x| and p = co. We obtain

u(x) < efu(0) + |x|" 2}, (5.72)

where c¢ is a positive absolute constant.

Let us recall the notation used in Corollary 1.5.5 (page 68). If £ is the sum of
squares of the vector fields X1, ..., Xy, andif 8 = (i1, .. ., ix) is a multi-index with
components in {1, ..., N}, we set

XP = Xj 0.0 X;, and |B] = k.

Let us now use the representation formula of Proposition 5.8.5. Since w(® in (5.70b)
has G-degree < m — |«|, for any non-negative multi-index 8 with |8| > m, we have

XPu(x) = XP(®,(w)(x)) YxeG.

Then, since the X ;’s are left-invariant on (G, *) and §;-homogeneous of degree one,
we have (see also (5.50d) and (5.50e))

XPu(x) = /G u() XP (¢ (x " % y))dy
= r 1Pl / u(y) (XP9), (v~ x)dy,
]RN

where a(z) = (p(z_l) and
(xPg) =r=2 (xPg) x4y,
Hence,

XPu(x) = r~ 1! / u(x x8,(z7H) (XP9)(2) dz. (5.73)
B4(0,1)

Using inequality (5.72) in (5.73), we obtain
IXPu(x)| < er (1 4 |x| 4 r)" T2

for every x € G and r > 0. The constant ¢ depends on u(0), but it is independent of
x and r. Letting r tend to infinity, we obtain

XPux)y=0 VxeG

and for every 8 with |8]| > m + 2. By the cited Corollary 1.5.5, this implies that u is
a polynomial function of G-degree <m +2. O
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Using the same argument as above, we can prove the following improvement of
Theorem 5.8.4.

Theorem 5.8.6 (Liouville: polynomial sub-Laplacian and bound). Let £ be a sub-
Laplacian on the homogeneous Carnot group G. Let u : G — R be a smooth
function satisfying

u>p and Lu=winG,

where p and w are polynomial functions. Then u is a polynomial and
degg u < max{degg p, 2 + degg w}.
Proof. Setv =u — p. We have
v>0, Lv=w-Lp in G.
Since £ has polynomial coefficients, we can apply Theorem 5.8.4 to derive

degg (u — p) <2+ degg (w — Lp) <2+ max{degg w, degg Lp}

max{degg w, degg p — 2} ifdegg p > 2,
=2 { max{degg w, 0} ifdegg p <1
max{2 + degg w, degg p}  if degg p > 2,

={2+degGw ifdeggp <1

= max{degg p, 2 + degg w}. O

Summing up all the above statements, we obtain the following Liouville theorem
“of polynomial type”.

Theorem 5.8.7 (Liouville-type theorem). Let L be a sub-Laplacian on the homo-
geneous Carnot group G. Let u : G — R be smooth and such that

u>p and Lu=w inG,
where p and w are polynomial functions. Then u is a polynomial, and

degg p ifw=0,

deggu < .
max{degg p, 2 + degg w} otherwise.

5.8.1 Asymptotic Liouville-type Theorems

We close this section by giving some more “asymptotic” Liouville-type theorems,
easy consequences of Theorem 5.8.2.

Theorem 5.8.8 (Asymptotic Liouville. I). Let £ be a sub-Laplacian on the homo-
geneous Carnot group G. Let u be an entire solution to Lu = 0. Assume there exists
a real number m > 0 such that

u(x) = 0" (x)), asx — oo. (5.74)
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Then u is a polynomial function and
degg u < [m]. (5.75)

Here o is (any fixed) homogeneous norm on G and [m] denotes the integer part of
m,i.e. [m] € Zand[m] <m < [m]+ 1.

Proof. By condition (5.74) and Proposition 5.1.4, we get
ulx) = plx) VxeG,

where

r [m]+1
p(x):—c<1+2|x(j)|2”/j> ,

j=1
and c is a suitable positive constant. Then, by Theorem 5.8.2, u is a polynomial
function. Let n := degg u. Assume, by contradiction, n > [m] 4 1. Writing

n

u(x) =Y up(x),

k=0

where uy is §,-homogeneous of degree &, from condition (5.74) we get

u(x)
o(x)"

—> 0, aso(x) — oo.

n
> o) T i (8170 (1)) =
k=0
Hence, u, (y) = Oforevery y € G suchthat o(y) = 1, whichimplies degg u < n—1,
a contradiction. Then n < [m] and the proof is complete. O
Theorem 5.8.8 together with Theorem 5.6.1 give the following corollary.

Corollary 5.8.9 (Asymptotic Liouville. II). Let £ be a sub-Laplacian on the homo-
geneous Carnot group G, and let d be an L-gauge.

Let u be an entire solution to Lu = 0. Assume there exists xo € G and a real
number m > 0 such that

][ lu(ldy = 0@™), asr — oo. (5.76)
B (xo,r)

Then u is a polynomial function and

degg u < [m].

o =1 by

In (5.76) we have set
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Proof. Let x € G\ {0} and put r = max{d(x), d(xo)}. By the pseudo-triangle
inequality (5.55), Bg(x,r) € Bg(x0,2¢gr). Then, from the solid mean value Theo-
rem 5.6.1, we obtain

lu()| = My @) ()] < My (Jul)(x)

mq
< " (swp ve) | U ()l dy,
r G\{0} Ba(xq,2¢q 1)
so that
ool =e | u)ldy,
By (x0,2¢q4 1)
being ¢ > 0 independent of x and r. This inequality and (5.76) give
ux) =00 =0Wdx)"), asx — oo.
Then, by Theorem 5.8.8, u is a polynomial function with the G-degree < [m]. O

Remark 5.8.10. By using Proposition 5.1.4, one easily recognizes that condition
(5.76) in the previous corollary is equivalent to the following one

/ lu(y)|dy = O¢™9), asr — oo, (5.77)
B,
where B, := {y € G : o(y) < r} is the ball of radius r centered at the origin, with

respect to a homogeneous norm o on G.

Corollary 5.8.11 (Asymptotic Liouville. III). Ler £ be a sub-Laplacian on the ho-
mogeneous Carnot group G. Let u be an entire solution to Lu = 0,and 1 < p < o0.
Assume (with the notation of Remark 5.8.10)

I ullpes)= OGP, asr — occ. (5.78)
Then u is a polynomial function of the G-degree not exceeding [m].

Proof. The Holder inequality gives
lu(y)dy < er@VP i, -
B,

Then (5.78) implies (5.77), and the assertion follows from Remark 5.8.10 and Corol-
lary 5.89. O

5.9 Some Results on G-fractional Integrals and the Sobolev—Stein
Embedding Inequality

Let £ be a sub-Laplacian on the homogeneous Carnot group G of homogeneous
dimension Q. Let 0 < o < Q. Given a function f : G — R, we formally define
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f
G (d(x,y)2«

where d(x, y) stands for d(y~' o x) and z + d(z) is an L-gauge function on G.
By analogy with the Euclidean setting, we shall call I, the G-fractional integral of
order .

The following theorem, when G is the usual Euclidean group (RV, 4), gives
back a celebrated theorem by Hardy, Littlewood and Sobolev.

Lo (f)(x) :=

El

-1

Theorem 5.9.1 (Hardy-Littlewood—Sobolev for sub-Laplacians). Let L be a sub-
Laplacian on the homogeneous Carnot group G, and let d be an L-gauge. Suppose

l<a<Qandl <p<%.Letq>pbedeﬁnedby

l/g=1/p—a/0.
Then there exists a positive constant C = C(«, p, G, L, d) such that

1Ha(Pllg = CNfllp Sorevery f e LP(G).

Here, we use the notation || - ||, to denote the L" norm in G = RN with respect to
the Lebesgue measure.

In the classical Euclidean setting, several proofs of this theorem are known. The
simplest proof seems to be due to L.I. Hedberg [Hed72] and it makes use of the
maximal function theorem by Hardy-Littlewood—Wiener. This last theorem holds in
general metric spaces equipped with a doubling measure.® In particular, it holds in
our context.

Fixed a sub-Laplacian £ and an £-gauge d, we define the L-maximal function
Mg (f) of afunction f € LP(G,C), 1 < p < 00, as follows

M (f)(x) = sup ][ IfO)ldy,  xeG,
Ba(x,r)

r>0

o =ik

The function x +— M, (f)(x) is lower semicontinuous. Indeed, if M/ (f)(x) > «,
there exists » > 0 such that JCB,J(x " | f(»)|dy > «. Then, since

where we used the notation

X = [f(»Idy
Bg(x,r)
is a continuous function (see Ex. 5 at the end of this chapter), there exists § > 0 such
that

8 A Radon measure 1 on a quasi-metric space (X, d) is doubling if there exists a positive
constant Cy4 such that
0 < u(B(x,2r)) < Cq u(B(x,r))

for every d-ball with center at x and radius r.
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M (f)(@) = ][ IfDIdy >a  ifd(x™'oz) <34,

By(z,r)
The L-maximal function theorem is the following one.

L-Maximal Function Theorem. Ler 1 < p < oo. With the above notation, there
exists a positive constant C = C(p, G, L, d) such that

IMc(Dllp <CUfllp,  forevery f € LP(G,C).

A proof of this theorem in general doubling metric spaces (which is out of our
scopes here) can be found in the monograph [Ste81, Chapter 2], by E.M. Stein.

Starting from this result, we now prove Theorem 5.9.1 by using the idea in
L.I. Hedberg’s paper [Hed72].

Proof (of Theorem 5.9.1). For every fixed t > 0 and x € G, we have

I(f)(x) = ( / + / )If(y)l d(x, y)*~ 2 dy
d(x,y)<t d(x,y)=t
= ID(F)(x) + EQ(f)(x).
The Holder inequality gives

1-1/p
EQ () < £l (/d (d(x, y)) @ Dr/(p=1) dy>

(x,y)=t
0 1-1/p
= (see (5.36)) C I fll,p </ 72— 1+(=0)p/(p—1) dr)
t
= C'IIfllp 1P,

On the other hand, one has

271 <d(x,y) /1274

e =) |F D)1 (@d(x, y)*~ ¢ dy
k=0

<Y (/24 ¢ / £ ()] dy

P d(x.y)<i27h)

< Y (/297 ) M)
k=0

= C't* Mz(f)(x) Zz—"“.

k=0

Then, summing up the above estimates, we derive
lo(£)0) < C (7P| fllp +1* M ()W), x €6,

for every ¢ > 0. We now choose
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L ( £ 1l )P/Q
M (f)(x) ’

Ia(N)) = CIFI e ML) P re,
Hence, being ¢ (1 — pa/Q) = p, we have

so that

I (N2 < Cllfirae’e /G (M (f)(x))P dx
(by the £-maximal function theorem)
< CIfIPI ) £1h = Cllf1,

since (pg o)/ Q + p = q. The theorem is proved. O

From this theorem and the representation formula (5.16), one easily obtains an
inequality extending the classical Sobolev embedding theorem to the homogeneous
Carnot groups.

Theorem 5.9.2 (Sobolev—Stein embedding). Let £ be a sub-Laplacian on the ho-
mogeneous Carnot group G of homogeneous dimension Q.
Suppose 1 < p < Q. Then there exists a positive constant C = C(p, G, L) such
that
lully < ClIIVeullp for everyu € C(‘)’O(RN,R),

where

1/g=1/p—1/0 (i.e.q: or )
O-p

Proof. Letu € C° (RY R). Using the representation formula (5.16), we have
u(x) = —/ =" oy) Lu(y)dy.
G

Keeping in mind that £ = Z;'?:l Xf and X j = —X, by integrating by parts at the
right-hand side, we obtain

u(x) = /}RN(VcF)(f1 oy) Veu(y)dy. (5.79)
On the other hand, out of the origin, we have
Vel =g Ved™9) =2~ Q)pad "% Vyd,
so that, since Vd is smooth in G \ {0} and §;-homogeneous of degree zero,
Vel <cd'=@,

for a suitable constant C > 0 depending only on L. Using this inequality in (5.79),
we get
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)| <€ f@ IVeumld(x, y)'~¢dy = C h(1Veuh ).
Then, by the Hardy-Littlewood—Sobolev Theorem 5.9.1,
lully = CI1(IVeuDlly < ClIVeullp,

where

g =1/p—1/0 <c>q - QQ_”p>.

This ends the proof. O

5.10 Some Remarks on the Analytic Hypoellipticity of
Sub-Laplacians

In this section, we collect some results on the hypoellipticity (especially in the an-
alytic sense) of sub-Laplacians. It is far from our scopes here to give proofs of the
results of this section, the interested reader will be properly referred to the existing
literature.

First of all, we recall the relevant definition.

Definition 5.10.1 ((Analytic) hypoellipticity). We say that a differential operator L
defined on an open set 2 C RY is hypoelliptic (respectively, analytic hypoelliptic)
in 82 if, for every open set 2' C §2 and every f € C*(§2', R) (respectively, f real
analytic in 2, any solution u to the equation

Lu = f on 2’ (in the weak sense of distributions)
is of class C®(2', R) (respectively, is real analytic on §2”).

In the sequel, we shall write u € C®(£2) to mean that u is real analytic on 2.
Moreover, we may also use the notation C*°-hypoelliptic and C®-hypoelliptic to
mean, respectively, hypoelliptic and analytic hypoelliptic.

In the very special case of a homogeneous differential operator L with constant
coefficients in RN , the problem of hypoellipticity is completely solved by the follow-
ing result (see, e.g. [Hor69]).

Let L be a homogeneous differential operator with constant coefficients in RV .
Then the following statements are equivalent:

1) L is C®-hypoelliptic in RN,
2) L is C®-hypoelliptic in R,
3) L is elliptic in RV.

Moreover, if L has constant coefficients (but it is not necessarily homogeneous),
then the equivalence of (2) and (3) still holds true.

As a consequence of the above result, all sub-Laplacians on the Euclidean group
E = (RV, +) (see Section 4.1.1) are C*° and C®-hypoelliptic.
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We next focus our attention to the C*°-hypoellipticity. Let { X1, ..., X,,} be C*°-
vector fields on RY. We recall the well-known rank (or bracket) condition (also
referred to as Hormander’s hypoellipticity condition):

dim(Lie{X1, ..., Xn}/(x)) =N  VxeR",

i.e. for every x € R, there exists a set of N iterated brackets of the X ;’s which
are linearly independent at x. The following celebrated result holds (see Hormander
[Hor67]).

If {X1, ..., X} are C®-vector fields on RN, then the rank condition is suffi-
cient for the C*-hypoellipticity of the operator L = Z?:l Xf Moreover, if the

coefficients of the X ;’s are analytic, then the rank condition is also necessary for the
C-hypoellipticity of L.

(See also Derridj [Der71], Helffer—Nourrigat [HN79], Kohn [Koh73], Oleinik—
Radkevi¢ [OR73], Rothschild-Stein [RS76].) See also Bony [Bon69,Bon70] for a
partial converse of the rank condition, namely

If the sum of squares L of smooth vector fields is C*°-hypoelliptic, then the rank
condition holds on an open set, dense in RV,

(See also Fedii [Fed70], Kusuoka—Stroock [KuSt85], Bell-Mohammed [BM95]
for examples of sums of squares which are C*°-hypoelliptic but do not satisfy the
rank condition everywhere.)

The problem of C°°-hypoellipticity is thus completely solved for any sub-
Laplacian £ on any homogeneous Carnot group, since £ is a sum of squares of
polynomial vector fields satisfying the rank condition. It is also interesting to remark
that, for any homogeneous left-invariant differential operator £ on a stratified Lie
group (hence in particular for our sub-Laplacians), the C°°-hypoellipticity of L is
equivalent to a Liouville-type property for £, namely the property stating that the
only bounded functions u on G such that Lu = 0 are the constant functions. (See
[Rot83]; see also [HN79,Gel83].)

We finally turn our attention to the C“-hypoellipticity. The problem of analytic
hypoellipticity is more involved and only partial results are known. To begin with,
we consider the rank condition, which played a central role for C°°-hypoellipticity.
Unfortunately, if L is a sum of squares of analytic vector fields, then the rank-
condition is not sufficient for analytic hypoellipticity. (See, for instance, Treves
[Tre78], Tartakoff [Tar80], Grigis—Sjostrand [GS85]; see also explicit counterex-
amples in [BG72,Hel82,PR80,HH91,Chr91].) In the sequel of the section, we col-
lect some of these results (in particular, several explicit negative ones) for our sub-
Laplacians on Carnot groups. The first one is encouraging:

The canonical sub-Laplacian on the Heisenberg—Weyl group H" is analytic hy-
poelliptic.

It is not difficult to prove this result making use of the real analyticity (out of
the origin) of the fundamental solution I” for the canonical sub-Laplacian on H", for
instance (Q = 2n + 2 denotes the homogeneous dimension of H")

1

F(x,t) =cCQ (|x|4 n |t|2)(Q_2)/4.

(5.80)
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Since (see Kaplan [Kap80]; see also Example 5.4.7, page 250, and Chapter 18) the
fundamental solution I" for the canonical sub-Laplacian on every H-type group has
exactly the same form as in (5.80), then the canonical sub-Laplacian on any H-type
group is analytic-hypoelliptic.

This is only a partial result of what is true on (a class of operators containing
the) Heisenberg-type groups, as we shall see below; but, unfortunately (as we shall
also see in a moment), it must be soon realized that C“-hypoellipticity rarely occurs
within the non-Euclidean setting of Carnot groups.

To this end, we cite a first “negative” result (see Helffer [Hel82]):

If G is a Carnot group of step two, and L is a sub-Laplacian on G, then a nec-
essary condition for L to be C®-hypoelliptic is that G is a HM-group. (See Defini-
tion 3.7.3, page 174, for the definition of HM-group.)

Hence, at least within the setting of step-two Carnot groups, in order to find
a C?-hypoelliptic sub-Laplacian, we must restrict our attention to the sub-class
of HM-groups. Fortunately, a complete answer on the C®-hypoellipticity for sub-
Laplacians is available on HM-groups. This is given by the following result (see
Métivier [Met81]).

If G is a HM-group and L € $1,,(g) (i.e. L is a homogeneous operator of degree
m in the relevant enveloping algebra), then L is C®-hypoelliptic if and only if L is
C®°-hypoelliptic.

Consequently, since any sub-Laplacian L on G belongs to 15(g) and L is C*°-
hypoelliptic by the rank condition, then L is also C®-hypoelliptic.

This result covers quite large classes of remarkable cases: for example, since
the Heisenberg—Weyl groups, the Iwasawa-groups, and (more generally) the H-type
groups all belong to the HM-group class, we now know that all their sub-Laplacians
are C®-hypoelliptic. On the converse, it is easy to exhibit a step-two group where no
sub-Laplacian is real analytic: take any Carnot group where the first layer has odd
dimension (for, in that case, it cannot be a HM-group; see Example 5.10.2 below).

The problem finally rest on the investigation of Carnot groups of step strictly
greater than two. Unfortunately, a complete answer to the analytic-hypoellipticity in
that case is still an open problem. Quoting Rothschild [Rot84], it is reasonable to
conjecture that if G is not a HM-group, then there is no L € l,,(g) (hence, no sub-
Laplacian) which is analytic-hypoelliptic. For example, from a result by M. Christ
[Chr93, Theorem 1.5] we infer that if G is a filiform Carnot group of dimension > 4,
then no sub-Laplacian on G is analytic-hypoelliptic. In Examples 5.10.4, 5.10.5,
5.10.6 below, we exhibit some other explicit negative results.

To begin, we give two examples: the first (respectively, the second) is an exam-
ple of a sub-Laplacian on a homogeneous Carnot group of step two which is not
(respectively, which is) analytic-hypoelliptic; in the latter case, we explicitly write
the (analytic) fundamental solution.

Example 5.10.2. Let R* (the points are denoted by (x, y, z,t) with x, y,z,t € R)
be equipped with the dilation 8, (x, y, z, ) = (Ax, Ay, Az, Azt) and the composition
law
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x 3 x+§
Y1171 = y+n
Z e 2+
t T t+t+xn

Then G = (R*, 0, §;) is a homogeneous Carnot group of step two, and
Ag = (307 + 3y +x )7 + (3)°

is its canonical sub-Laplacian. It is easily seen that G is isomorphic to the sum (in
the sense of Section 4.1.5) of the Heisenberg-Weyl group H' on R? and the usual
Euclidean group (R, 4) (note that the canonical sub-Laplacians on both these groups
are analytic hypoelliptic!). It can be proved that Ag is not analytic hypoelliptic!
Indeed, by the cited result of Helffer [Hel82], this follows from the fact that G is not
a HM-group, since the first layer of the stratification has odd dimension.

This example is a particular case of the family of not analytic hypoelliptic sub-
Laplacians (see Rothschild [Rot84])

L= Z ((axj)z + (@y; +x; 31)2) + (8,)%, (5.81)
=1

which, in turn, are inspired by a famous counterexample by Baouendi—Goulaouic
[BG72]. Indeed, in [BG72] it is proved that the operator

n

L= (@) + (xj 3)%) + (3.)

j=1

on R"t2 (the points are denoted by (x, z,1), x = (x1,...,x,) € R,z e R, t € R)
is not C®-hypoelliptic on R"*2. Now, we notice that the operator £ in (5.81) is a
“lifted” version of L, so that it is easy to prove that £ is not C*-hypoelliptic on
R?"+2 if L is not C®-hypoelliptic on R"+2,

Indeed, suppose to the contrary that £ is C®-hypoelliptic on R?"*2. Then take a
function f = f(x, z, ¢) real analytic on an open set £2 < R™*2 and a solution u =
u(x,z,t)to Lu = fon 2. If weset f(x,y,z,1) := f(x,z,t) and u(x, y, z,1) :=
u(x, z, t), then we notice that

La(x,y,z,0) = Lu(x,z,1) = f(x,z,0) = f(x,y,2,1) (5.82)

on the open set Q = {(x,y,z,t) : (x,z,t) € 2,y € R}. Since f is clearly
real analytic on £2, then (5.82) and the supposed C®-hypoellipticity of £ imply u €
C®(£2). This obviously means that u is real analytic on £2. Thus we have shown that
L is C®-hypoelliptic on R"*2, contrarily to what is proved in [BG72]. O

Example 5.10.3. This example is taken from Balogh-Tyson [BTO02]. Let us con-
sider the group G on R3 (the points are denoted by (x1, x2, x3, x4, 1) € G, (x1, x2,
X3,X4) € R4 corresponds to the first layer of the stratification, ¢ € R to the second
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one) with dilation §; (x1, x2, X3, x4, 1) = (Axq, Ax2, AX3, AX4, Azt) and the composi-
tion law

X1 &1 x1+ &1
X2 & X2+ &
x3 ol &= x3+ &3
X4 £ X4+ &4
t T E 4T+ 30081 — X182 + 2xE — 2x36)

Following our conventional notation, G is the homogeneous Carnot group of step
two (with m = 4 generators and n = 1) with relevant matrix

0O 1 0 O
-1 0 0 O

@O
B = 0 0 0 2
0 0 -2 0

Then G is obviously a HM-group, for B is a non-singular skew-symmetric matrix.
In particular, by the cited result of Métivier [Met81], the canonical sub-Laplacian £
is C“-hypoelliptic. We can see this directly, for the relevant fundamental solution I”
has been explicitly written by Balogh—Tyson in [BT02] (making use of a remarkable
formula by Beals—Gaveau—Greiner, see [BGG96]; we describe this formula closely
in Section 5.12, page 291): it is apparent that I is analytic out of the origin! Indeed,
it holds
I'(x1,x2,x3,X4,1) = cdz_Q(xl , X2, X3, X4, 1),

where c is a suitable positive constant, Q = 6 is the homogeneous dimension of G,
and d is the homogeneous norm defined by

d(xy, x2, X3, X4, 1)

1 1 2 1/8
= <<—x12 + —x% +x32 +xf) + tz)
2 2 :
1, 1, 1 1 2
~<5x1 +3%+ \/<§x12 + Exg +x3 +x§> + 12

-1/8
1 1 1 1 2
-<5x12 + Exg x5+ x5+ \/<§x12 + =x? +x2 +x§> + t2> .(5.83)

3/8

2

This formula gives the remarkable example of an explicit fundamental solution of a
group which is not a H-type group!

We then turn our attention to groups of step greater than two. Following the idea
in the argument at the end of Example 5.10.2, we can give infinite examples of groups
of arbitrarily high step with a sub-Laplacian which is not C®-hypoelliptic: it suffices
to take the sum (in the sense of Section 4.1.5) of the group G of Example 5.10.2 with
another Carnot group. Let us now quote some other examples taken or inspired by
the existing literature.



5.10 Analytic Hypoellipticity of Sub-Laplacians 285

Example 5.10.4. This example is taken from a paper by Christ [Chr95] (see also
[Hel82,PR80]). Consider the Carnot group on R* with the composition ° low

x| &1 x1+ &

22 IS [0 X2+ &

X3 &3 x3+& — &y

X4 &4 x4+ E4 + 28331 — Epx?

It is easily seen that G is a filiform homogeneous Carnot group of step three and two
generators, with dilations

8.(x1, x2, X3, X4) = (hx1, Axz, A2x3, Axy),
and such that the first two vector fields of the relevant Jacobian basis are
X1 =8y,  Xo=dy — X195 — X7y,
Then, it can be proved that the canonical sub-Laplacian on G
Ag = X3+ X3 = (0:)> + (05, — X105, — x70,)°

is not C®-hypoelliptic. (Compare the group in this example to the Bony-type sub-
Laplacian with N = 2 in Section 4.3.3, page 202.) O

Example 5.10.5. Tt is known (see [Chr91,Chr93,HH91,PR80]) that in R3 (with coor-
dinates (t, s, x)) the operator

L= (3)%+ 3 —1™dy)* (5.84)

is not C*-hypoelliptic for any m € N, m > 2. In this example, fixed m as above,
we give a suitable sub-Laplacian £ “lifting” L: as a consequence (arguing as at the
end of Example 5.10.2), £ cannot be C”-hypoelliptic, since L does not possess this
property.

Take N € N, N > m > 2, and consider the following Bony-type sub-Laplacian
(see Section 4.3.3, page 202): we equip R+ (whose points are denoted by (z, s, x),
t,s eR, x e RN ) by the composition law

(t,5,x1,%2,%3,...,xN) 0 (7,0,61,82,83,...,6N)
t+7
s+o
x1+é& +ot
x2+52+$1t+0§
X3+ &+ &1+ 6§ §+Gt3—3,

.2 N-1 N
XN+§N+$N—1I+$N—2’2—,+-~-+$1ﬁ—i—oﬁ

2 Compare to Ex. 3, Chapter 4, page 216.
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and the group of dilations defined by

Sp(t, s, x1,x2,x3,...,xN) = (AL, As, )»2)(1, )»3)(2, )»4)63, R )»N_HXN).

Then, G = (RN, 0, 8,) is a filiform homogeneous Carnot group of step N + 1
(note that, since N > m > 2, then the step N + 1 is > 3) and two generators, and

5 1 N 2
Ag = () +<as+tax1+iax2+"'+max1v)

is its canonical sub-Laplacian.

We now prove that Ag is not C®-hypoelliptic (starting from the fact that L in
(5.84) is not). Indeed, since L is not C®-hypoelliptic, there exists an open set 2 C R?
and a function u = u(¢, s, x) on £2 such that Lu € C®(§2) butu ¢ C®(£2). Let us
now consider the function (recall that m < N)

wW=u(t,s,x1,...,xyN) :=u(t,s, —mxy,)
defined on the open subset of RV
Q= {(t,s,xl, L aN) |, s, —m!lxy) € 2 }
As a consequence, it holds
A, s,x1, ..., xn)) = (Lu)(t, s, —m! xy) on §2,

whence Agli € C®(£2) (for Lu € C®(2)) and & ¢ C?(2) (for u ¢ C®(£2)). This
proves that Ag is not analytic-hypoelliptic. O

Example 5.10.6. Let m, k € N be such that 0 < m < k. Consider the operator on R3
(whose points are denoted by (x1, x2, X3))

L= 0)%+ (" 0,,)% + (X 8,2 (5.85)

O.A. Oleinik and E.V. Radkevi¢ [OR72] (see also [Him98]) proved that L is C®-
hypoelliptic if and only if m = k. Our aim in this example is to “lift” (in a suitable
sense) the vector fields on R3 appearing in (5.85)

B, XMBy,  xf (5.86)

to three vector fields (in a larger space, namely R3+7%%) generating a homogeneous
Carnot group. It will easily follow (arguing as in the last paragraph of Example
5.10.5) that the relevant sub-Laplacian is not C*-hypoelliptic if L is not.

When m = k = 0, then L = Aps is the ordinary Laplace operator on R3; when
m = 0, k = 1, we obtain a non-analytic-hypoelliptic operator already considered
in Example 5.10.2 (see also Baouendi—Goulaouic [BG72]). Let us now suppose that
k > m > 1. We equip R3+"*k with the following coordinates (the semicolon will
denote different layers in a suitable homogeneous Carnot group structure)
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P = (X1, 1,215 Y2, 225 ¥3: 23} « - +» Ym»> Zm3 X2, Zm415 Tm425 Tm+35 - - -3 Tk X3).
We define a group of dilations by setting (recall that k > m + 1)

81(P) = (Ax1, Ay1, Azp

A2y, 220 APy3, A3 Ay, A 2
)\m+]x27 )\m+]Zm+l;
A2 g A s A R

)\k+1x3) .
Let us also consider on R3+”+ the following vector fields

X = 8)617
Y =0y +x10y, +x128y3 + +an_lam + 7" 0y,
Z =8, +x10y, + X705 + -+ xF 10, + xfoy,.

It is then not difficult to see that X, Y, Z are §;-homogeneous of degree one and they
fulfill hypotheses (H0)—(H1)—-(H2) of page 191. Hence, by the results of Section 4.2
(page 191), we can define a suitable homogeneous Carnot group structure on R34+
such that

Ag =X>+Yi+ 72

is the relevant canonical sub-Laplacian. Now, since
Ag(u(xy, x2,x3)) = (Lu)(x1, x2, x3)

for any smooth function u on R3*”** depending only on x1, x2, x3, we can argue
as in the last paragraph of Example 5.10.5 to infer that Ag is not C“-hypoelliptic
(since L isnot). O

5.11 Harmonic Approximation

Let £ be a sub-Laplacian on the homogeneous Carnot group G. In this section, we
give some conditions ensuring that a £-harmonic function defined in a neighborhood
of a compact set K contained in an open set §2 can be uniformly approximated on K
by a sequence of £-harmonic functions in £2.

In some of the results of this section, we assume that £ is analytic-hypoelliptic
(see Section 5.10). I' = d2~2, will denote its fundamental solution. To begin with,
we prove the following lemma.

Lemma 5.11.1. Let £ be a sub-Laplacian on the homogeneous Carnot group G =
(RN, 0, 8,), and let I' = d*>~2 be its fundamental solution. Suppose also that L is
analytic-hypoelliptic.
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Let K C G be compact. Then there exists R = R(K, G, L) > 0 such that, for
every z € G withd(z) > R, it holds

_ 1 _
rc'oyn= 3 Cu@-y, Co@)==D% (I 'oy),
al
ae(NU{OHN y=0
the series converging uniformly on the d-disc {y € G : d(y) < d(K)}, where
d(K) := sup,cg d(z).

Proof. Let ¢ € G be such that d(¢) = 1. Since n — I'(¢~! o 1) is analytic close
ton = 0and 0B4(0,1) = {¢ € G : d(¢) = 1} is compact, there exists p > 0,
independent of ¢, such that

re'om= > au@)-n*,  uniformly on B4(0, p),
ae(NU{OhHN
where .
aq(¢)=—D% (I'¢ o).
ol n=0

Let us now choose R > O such that R > d(K)/p.If z € G, d(z) > R, then
re'oy) =d 2@ ((8-1027") 0841 ()

=% Y a(Brimz") B )”
ae(NU{OhN

> Cula) -y

ae(NU{OhN

The series converges uniformly for y € G such that

d(4-1H(») = % <p
In particular, this holds for
y € Ba(0, Rp) 2 B4(0,d(K)). O
The next lemma does not require the analytic-hypoellipticity of L.

Lemma 5.11.2. Let L be a sub-Laplacian on the homogeneous Carnot group G =
(RN 0,8;), and let ' = d*=2 be its fundamental solution. Let u be an L-harmonic
Sunction on the ball B4(0, r). Suppose

u(x) =Y w(x).  x € By0.r),
k=1

where uy is a continuous 8)-homogeneous function in the whole G of 8, -degree my,
k € N. If the series is uniformly convergent on the compact subsets of B4(0, r) and
my # my, for every k # h, then every uy is L-harmonic in G.
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Proof. Let ¢ € CSO(IR{N, R) with suppyp < B;(0, 1). Since u is L-harmonic in
B4(0, r), we have

0= / u(x) L(p@S-1(x))dx  Vi<r.
By (0,r)

The homogeneity of £ and the change of variable y = 6, -1(x) give

0= xQ*Z/ u(8,(») Lo(y)dy
B;(0,r/2)

o8]
= xQ*ZZ/ uk(81(y)) Lo(y) dy
=1 ¢ Ba(0.r/2)

o0
=072y / uk(y) Lo(y) dy
P Ba(0,r/2)

x
= 2072y / uk(y) Lo(y) dy.
P Ba(0.1)

Note that, in the last equality, we were able to replace B; (0, r/1) by B;(0, 1), since
A < r and ¢ is supported in a compact set in B;(0, 1). Then

/ o HOVEROY Y =0 Y <GB0, 1) VE €N
Bd s

This means that Lu; = 0 in B4 (0, 1) in the weak sense of distributions. Since L is
hypoelliptic, this implies the £-harmonicity of uy in B;4(0, 1), and so in G, due to
the §,-homogeneity of ux, k € N. O

We are now ready to prove the announced approximation theorem.

Theorem 5.11.3 (An approximation theorem). Let £ be a sub-Laplacian on the
homogeneous Carnot group G. Suppose that L is analytic-hypoelliptic.

Let 2 C G be an open set such that 02 = 92. Let K C £2 be compact and
satisfy the following condition:

if w is a bounded connected component of 2 \ K, then dw C 052. (5.87)

Then, for every function h which is L-harmonic in a neighborhood of K , there exists
a sequence (hy)neN of L-harmonic functions in §2 such that

lim h, =h, uniformlyonK.
n— oo

Proof. By general results from functional analysis, it is well known that it suffices
to prove the following statement.'?

10 This is also known as “Caccioppoli’s completeness method”.
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Let i be a signed Radon measure supported on K and satisfying

/ hdu =0 (5.88)
K

for every L£-harmonic function % in £2. Then (5.88) holds for every function # which
is £-harmonic just in a neighborhood of K.

The crucial part of the proof is the following assertion.

Claim. If p satisfies the previous hypotheses, then

u(x) = /K ry'ox)du(y) = fK r'oy)du(y) (5.89)

is identically zero in £2 \ K.

We first show how to complete the proof of the theorem by using this claim.
Let & be an L-harmonic function in an open set 29 2 K, £29 € £2. Choose a
function ¢ € C{°(£20) such that ¢ = 1 in an open set £2; 2 K, 21 C 2. Then
¢he Cgo(.Qo) and ¢ h = h in £21. By the representation formula (5.16), we have

@) = — /Q P o YL@ dr
0

= —/ oy L@h)(x)dx, y € £2.
£20\$21
It follows that

/h(y) dpe(y) =/(¢h)(y)du(y)
K K

= _/ </ _ F(x—l oY) E(‘Ph)(x)dx) du(y) =: (%).
K £20\$21

Thus, by interchanging the integrals and keeping in mind (5.89), we infer

() = —/ _ L@ (u(x)dx =0,
£20\82

sinceu =0in 2\ K D 20\ £21.

Thus, we are left with the proof of the Claim. Let w be a connected component
of £2 \ K. We have to prove that u = 0 in w.

We first suppose that @ is bounded. Then # # dw C 9£2. In particular, this
implies that 32 # ¢, hence 2 # G for 32 = 3£2. For every xo € G \ £2, the
function y — I"(xy LS y) is L£-harmonic in £2. Therefore, by the assumption (5.88),

u(xo) = /K Fo" ox0)du(y) = 0.

This proves that u = 0in G \ £2. As a consequence,
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D%u(x) =0 for every multi-index o (5.90)

and for every x € G \ £2. Since u € C®(G \ K), it follows that (5.90) also holds
at any point x € 92 = 92. In particular, since dw C 952, (5.90) holds at some
point x € dw. Then w = 0 in a neighborhood of x, since u is £-harmonic, hence real
analytic, close to x. The connectedness of w and again the analyticity of # imply that
u =0in w.

Let us now assume that w is unbounded. By Lemma 5.11.1, for every x € o with
d(x) sufficiently large, we have

F(x_1 oy) = Z Cu(x) - %, uniformly in B4 (0, d(K)).
ac(NU{OpN
Then
o0
— -1 —
wn—/ru wmmw—zl/waymmn
K — Jk
m=0
where

un(x,y) = Y Calx) -y~

lolg=k

The function u,, is §,-homogeneous of degree m and the series

D tmx, )
m=0

is uniformly convergent on By(0,d(K)) to the L-harmonic function y +
'xlo y). Then, by Lemma 5.11.2, u,, (x, -) is £-harmonic in G, so that, by the
assumption (5.88),

t/wﬁdwmeO Vm = 0.
K

Thus we have proved that u(x) = 0 for every x € w, with d(x) sufficiently large.
Since w is connected and u is analytic in w, this implies # = 0 in w and completes
the proof of the theorem. O

5.12 An Integral Representation Formula for the Fundamental
Solution on Step-two Carnot Groups

The aim of this section is to state a remarkable result in the paper [BGG96] by
R. Beals, B. Gaveau and P. Greiner. This result provides a somewhat explicit integral
representation formula of the fundamental solution of the canonical sub-Laplacian
on a general Carnot group of step two.

We shall see in Section 16.3 (page 637 in Part III) that, given a Carnot group G
and an arbitrary sub-Laplacian £ on G, there exists a Carnot group G; isomorphic
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to G such that £ corresponds (via the related isomorphism in the relevant Lie alge-
bras) to the canonical sub-Laplacian Ag, on G,. Moreover, if G, (whence G1) has
step two, we saw in Proposition 3.5.1 (page 168) that we can perform another Lie-
group isomorphism sending G, into the homogeneous Carnot group G3 such that the
composition law on G3 is given by (we follow our usual notation)

&Jb@ﬁﬁ=G+§n+n+%wmkﬁpw%+m+%wwxﬁ)690

and the matrices B()’s are skew-symmetric. This last isomorphism also sends
the canonical sub-Laplacian of G, into the canonical sub-Laplacian of G3. Now,
the cited result in [BGG96] furnishes an integral formula for the canonical sub-
Laplacian on a homogeneous Carnot group of step two whose composition law o
has precisely the above form and the matrices B()’s are skew-symmetric. Our ar-
gument above shows that (and how) we can obtain a representation formula for the
fundamental solution of any (not necessarily canonical) sub-Laplacian on any homo-
geneous Carnot group of step two.

We now state the remarkable result in [BGG96]. We explicitly remark that in
[BGGY6] the formalism of complex Hamiltonian mechanics is followed: we slightly
change the therein notation.

Theorem 5.12.1 (Beals—Gaveau-Greiner, [BGG96]). Let G = R™" (whose points
are denoted by (x,t), x € R™, t € R") be equipped with a homogeneous Carnot
group structure by the dilation 8,(x,t) = (ix,*t) and the composition law
in (5.91), where the B®)’s are n skew-symmetric linearly independent matrices of
order m x m. Consider the canonical sub-Laplacian Ag = Z?ZlXiz, where

1 n m .
Xi = 8/dx; + 5}; (gbfﬁ)x,)a/azk, i=1,...,m

(here bfﬁ) denotes the entry of position (i,1) of B®). Then, for every (x,t) with
x # 0, the fundamental solution I' of Ag is given by

I(x.0 = co f 7 deVBE@) dr,  (5.92)
n E

W(B(1)) - x, x) — ¢ {t,7))2/2~!
where v is the imaginary unit of C and c is the dimensional constant

r¢-n

Here we used the following notation: Q = m + 2 n is the homogeneous dimension
of G, T in (5.93) is Euler’s Gamma function, T = (tq, ..., 1,) € R",

1
B =2 @B+ +5,BY),
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V and W are the real-analytic functions prolonging z/ sin(z) and z/ tan(z), respec-
tively,at 7 =0, i.e.

IR =SNG e (DI 2% By,
V(z) = jX_(:) TES] -, W(z) = jX_(:) oy z

(here the By ;’s are the Bernoulli numbers). Moreover, for every t € R"\ {0}, we have

ro,rn = oqlsixrgor(x’ ).

We remark that a general integral formula for I" is provided in [BGG96] com-
prising the case x = 0 too, by shifting the contour R" into the complex domain C"
(see [BGGY6, Theorem 3, page 315]).

The §;-homogeneity of I" in (5.92) (of degree 2 — Q) should be noted.

As we saw in Example 5.10.3 (page 283), formula (5.92) can, in some cases,
give explicit fundamental solutions. This can be done by using the fact that, if

A(T), ..., A(t) and vi(7), ..., vy (T) denote the eigenvalues and corresponding
eigenvectors of the matrix B(t) (over the complex field), normalized in such a way
that [v;(t)] = 1for j =1,..., m, we have
m
Aj(7)
det (V(B =|[—+—.
et (V(B(1))) ]1_[_1 @)
m
Aj(T) 2
W(B((T) - x,x) =Y —L1—— |(x,v; :
(W(B(D)) - x, x) ]2; ) | (x, v (D)

(In the last formula, the inner product is, of course, that of C™.)

5.13 Appendix A. Maximum Principles

In this section, we shall prove some weak and strong maximum principles for £, an
arbitrary sub-Laplacian on a homogeneous Carnot group G.
To begin with, we prove some elementary lemmas.

Lemma 5.13.1. Let 2 C RN be a bounded open set and let u : 2 — R be an
arbitrary function. Then there exists a point xo € §2 such that

limsup u(x) = supu. (5.94)
Q

xX—> X0

Proof. We argue by contradiction and assume that (5.94) is false. Then, for every
x € §2, there exists an open neighborhood V, of x such that

sup u < supu. (5.95)
2nv, 2
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The family {V, : x € £} is an open covering of £2, so that, since £2 is compact, we
have

p
EEUVXJ" PGN,
j=1

for suitable xp, ..., x, € 2. Then
supu:max{ sup u :j:l,...,p}. (5.96)
2 20Vy;

On the other hand, by (5.95), the right-hand side of (5.96) is strictly less than supg, u.
This contradiction proves the lemma. O

Lemma 5.13.2. Let A and B be N x N symmetric matrices with constant real entries.
Assume A > 0and B < 0. Then trace(A - B) < 0.

Proof. LetR := A2 bea symmetric square root of A. Then trace(A- B) = trace(R-
R - B) =trace(R - B- R) = trace(RT - B- R) <0,since B<0. O

Lemma 5.13.3. Let L be a sub-Laplacian on the homogeneous Carnot group G. Let
2 C G be an arbitrary open set, and let u : 2 — R be a C? real function. Assume
that u has a local maximum at xy € §2. Then

Lu(xg) <O0. (5.97)

Proof. We know that £ = div(A - vT), where Aisa N x N symmetric matrix with
polynomial entries and A(x) > 0 at any point x € RY. Then

L = trace(A - D*u) + (b, Vu), (5.98)

where D?u = (Ox; x j)i’ j<n is the Hessian matrix of u and b is the vector-valued
function whose j-th component is given by

N
bj = Z axl.ai,j. (5-99)
i=1
Since u has a local maximum at xg, we have Vu(xg) = 0 and D?u(x¢) < 0. Then,
by Lemma 5.13.2,
Lu(xg) = trace(A(xg) - D*u(xg)) < 0.

This ends the proof. O

We are now able to give a simple proof of the following weak maximum princi-
ple.
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Theorem 5.13.4 (Weak maximum principle). Let L be a sub-Laplacian on the ho-
mogeneous Carnot group G. Let §2 be a bounded open subset of G. Letu : 2 — R
be a C? function such that

Lu>0 in 2,
{ (5.100)

limsup, , ,u(x) <0 jforeveryy € 952.
Thenu <0in S2.

Proof. We know that the matrix A in (5.98) has the following block form (see also

(1.91), page 64)
Al Al
A= ALz
<A2,1 Az,z)

where Aj1 = (a; )i j<m 1s a constant m X m symmetric matrix strictly positive
definite. Then a1 > 0. Let b; be given by (5.99) with j = 1. Define
by(x)
A =2 sup , M = sup  exp(rxy),
xef2 4ai1 (X1,.... XN)ESR
and

h(x) =h(xq,...,xn) := M — exp(A x1).

A trivial computation shows that
h(x) >0 and Lh(x) < 0forevery x € £2. (5.101)

For an arbitrary ¢ > 0, let us now consider the function u, := u — ¢ h. Due to
inequalities (5.101) and condition (5.100), we have

Lu, >0in 2 and limsupu.(x) <0 forevery y € 952. (5.102)

x—y
By Lemma 5.13.1, there exists a point xg € 2 such that

lim sup ug (x) = sup ug. (5.103)
X—>X0 2

We want to show that xo € 9£2. Arguing by contradiction, we assume xo € 2. Then,
by the continuity of u in 2,

e (x0) = limsup u, (x),
X—>X0
so that, by (5.103), u.(xg) = maxgp u,. As a consequence, by Lemma 5.13.3,
Lug(xp) < 0. This contradicts the first inequality in (5.102). Thus xo € 9£2. Then,
by (5.103) and the second condition in (5.102),

supu, = limsupu.(x) <O0.
k9] X—>X0

Hence, u —eh = u, < 01in £2 for every ¢ > 0. Letting ¢ tend to zero, we obtain
u < 01in £2. The theorem is thus completely proved. O
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Note 5.13.5. The previous proof can be applied also to continuous functions satisfy-
ing the inequality Lu > 0 in the asymptotic sense of Exercises 8 and 9 at the end of
the chapter (see also Ex. 10).

Corollary 5.13.6. Let L be a sub-Laplacian on the homogeneous Carnot group G.
Let 2 be an unbounded open subset of G. Let u : 2 — R be a C? function such

that
Lu>0 in $2,

limsupxﬁy ux) <0 foreveryy € 952, (5.104)
limsupy|_, oo u(x) < 0.
Thenu <0in S2.

Proof. Let ¢ > 0 be arbitrary but fixed. The third condition in (5.104) implies the
existence of a real positive constant R such that

ux)—e <0 in 2\ 2g, (5.105)
where 2r := {x € £ : |x| < R}. It follows that
Lu—e)=Lu>0 in g,
{limsupx_)y u(x) <0 foreveryy € 082g.

Then, by Theorem 5.13.4, u — ¢ < 0 in §2g. This inequality, together with (5.105),
gives u < gin £2 forevery ¢ > 0. Henceu <0in 2. O

A particular case of Corollary 5.13.6 is the following one.

Corollary 5.13.7. If L is as in Corollary 5.13.6, the only entire L-harmonic function
vanishing at infinity is the null function.

Proof. Letu : G — R be an entire £-harmonic function vanishing at infinity, i.e.
u € C*(G, R) satisfies
{ Lu=0 inG,

limm_)OO u(x) =0.
Then, by applying Corollary 5.13.6 both to # and —u, we getu = 0. O

The rest of this section is devoted to the proof of the following strong maximum
principle.

Theorem 5.13.8 (Strong maximum principle). Let £ be a sub-Laplacian on the
homogeneous Carnot group G. Let §2 be a connected open subset of G. Let u :
2 — R be a C? function such that

u<0 and Lu>0 inS2. (5.106)

Suppose there exists a point xy € §2 such that u(xg) = 0. Then u(x) = 0 for every
x € £2.
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The proof of this theorem requires several preliminary results. In what follows,
we shall denote by | - | the standard Euclidean norm and by D(z, r) the ball

Diz,r)={xeR" : |x—z| <r).

Definition 5.13.9. Let F be a relatively closed subset of §2. We say that a vector
v € RV \ {0} is orthogonal to F ata point y € 2 N3 F if

D(y+v,[v) € (£2\ F)U{y} (5.107)
If this inclusion holds, we shall write v F at y. We also put
F*:={y € 2 NOF |there exists v: vLF at y}.

With the above notation, we explicitly remark that F* # @ if F C 22, F # £2.
Indeed, since 2 is connected, £2 N d F is not empty. Take a point z € 2 N F, a ball
D(z, R) € £2 and a point xg € D(z, R/2). Let y € £2 N 9 F be such that

r = |xo — y| = dist(xp, O F).
Theny € F*and v := 5 (xo — y)LF aty.
The following Hopf-type lemma will be crucial for the proof of the strong maxi-

mum principle in Theorem 5.13.8.

Lemma 5.13.10 (A Hopf-type lemma for sub-Laplacians). Let £ be a sub-Lapla-
cian on the homogeneous Carnot group G. Let 2 € G be open, and letu : 2 — R
be a C? function satisfying the inequalities in (5.106). Let

F:={xe:ulx)=0}. (5.108)
Assume ) £ F #+ 2. Then, for every y € F* and v.LF at y, we have
qc(y,v) =0, (5.109)
where qr(x, &) = (A(x) - &, &) is the characteristic form of L defined in (5.1a).
Proof. Lety € F*and v.LF aty. Then
D(y+v. V) € (2\ F)U {y}.

Since F* C F N &2,y is a maximum point for u (see (5.108)). Then Vu(y) = 0. We
now argue by contradiction assuming that (5.109) is false. Hence

qc(y,v) > 0.
Let us now consider the function

h(x) :=exp(—A|x — z|2) —exp(—X r?),
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where z = y + v and r = |v|. The positive constant A will be fixed later on. A direct
and easy computation shows that

Lh(y) = 4% exp(=2r?) - (qc(y, v) + O(1/4)),

as . — oo. Then, we can choose and fix A > 0 in such a way that LA > 0 in
a suitable neighborhood V of y. Obviously, we may assume V C 2. Let us now
consider the bounded open set

U:=VNnD(,r).
Note that 0U = I} U I», where
I'N=VNaD(z,r)and I = D(z,r)NaV.

Since I is a compact subset of £2\ F and u < 01in §2\ F, there exists ¢ > 0 such that
u+¢eh < 0in I>. On the other hand, being 7 = 0 on dD(z,r) and u < 0in £2, we
have u+&h < 0on I'7. Then, since L(u+& h) > & Lh > 0in U, from the maximum
principle of Theorem 5.13.4, we obtain u + ¢k < 0in U. Since u(y) = h(y) = 0,
this implies

uy+rv) —uly)  hG+1v) —hQG)

" ; forO <t < 1. (5.110)

Letting ¢ tend to zero in this inequality, we get
(Vu(y),v) < — (VA(y), v) = —2¢ exp(=Ar?) r?.
This contradicts the condition Vu(y) = 0 and completes the proof. O

Corollary 5.13.11. Let the hypotheses and notation of the previous lemma hold. Let
also L =37, X%. Then we have

(XjI(y),v)=0 VyeF*VvLlFary
and forevery j = 1,...,m.

Proof. Tt follows from the previous lemma, by just noticing that

m

qr(x, &) = Z(le(y), £)2. o

Jj=1
Another crucial definition is the following one.

Definition 5.13.12 ((Positively) invariant set w.r.t. a vector field). Ler X € T(RY)
be a smooth vector field in RN, and let F be a relatively closed subset of §2. We say
that F is positively X-invariant if, for any integral curve y of X,y : [0, T] — £2
such that y(0) € F, we have y(t) € F for everyt € [0, T]. We say that F is
X-invariant if it is positively X -invariant with respect to both X and —X.
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It is easy to verify that the condition
(XI(y),v) <0 VyeF*VvlFaty (5.111)

is necessary for the positive X-invariance of F. Indeed, let y € F*, v.LF at y and
y [0, T] — $£2 be an integral curve of X such that y(0) = y. Let F be positively
X-invariant. Since

D(y+v,[v) € (£2\ F)U{y}

we have
ly(@) — (v +vI* > v* and |y(0) — (y +v)> = v

for every t € [0, T]. This means that the real function ¢ — |y (¢) — (y + v)|2 has a
minimum at # = 0. As a consequence,

d
0= 1 YO -0+ V> = (7(0), ¥(0) — (y + v)) = (X1 (y), —v).

Hence (5.111) holds. We will show that this condition is also sufficient for F to be
positively X-invariant. To prove this statement, we need the following elementary
lemma.

Lemma 5.13.13. Let g : [0, T] — R be a continuous function such that

t+h)—g(t
limsup ST =8O vy e 0.1, (5.112)

h—0- h
for a suitable M € R. Then
g() <g©) +Mt Vtel0,T].
Proof. Let ¢ > 0 be fixed. Condition (5.112) implies that the real function
t—g(t)—g0) — (M+e)t

has a maximum at ¢ = 0. Indeed, suppose to the contrary that there exist ¢y > 0 and
to € (0, T'] such that

gt) —g0) — (M +e)r < g(to) —g(0) —(M+eo)to Vtel0,T]
In particular, for t = #t9 + h and h < 0 small enough, this gives

g(to + h) — g(to)
h

which contradicts the hypothesis. Then, g(¢z) — g(0) — (M + &)t < 0 for every
t € [0, T]. Letting ¢ tend to zero, we obtain the assertion. O

> (M + &),

Proposition 5.13.14 (Nagumo-Bony). Let X € T(RN) be a smooth vector field
in RN, and let F be a relatively closed subset of 2. Then F is positively X -invariant
if and only if

(XI(y),v) <0 VyeF*VvlFary. (5.113)
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Proof. We only need to show the “if”” part. Let y : [0, T] — £2 be an integral curve
of X such that xo := y(0) € F. Define

() :=dist(y(t), F), 0<t<T.

We have to prove that §(¢) = O for every ¢ € [0, T].
Let V be a bounded neighborhood of x( containing y ([0, T]), and let
XI(x)—XI
L:= sup M (5.114)
x,2€V, x#z |x — z|
be the Lipschitz constant of X on V. We may suppose L T < 1/2and V = D(xg, r)
with D(xq, 2r) € £2. We claim that

< L§8(t) Vte(0,T]. (5.115)
h—0~ h

If 8(t) = 0, inequality (5.115) is trivial, since » < 0 and (¢t + h) > 0. Suppose
8(t) > 0 and choose a sequence 4, 1 0 such that
8(t +hy) —3(1)

hy, ’

Let us now denote x := y (¢) and x,, := y (¢t 4+ h,). Since y ([0, T]) C D(xo, r) and
D(xp,2r) C £2, for every n € N there exists a point z,, € F N £2 such that

L(t) = lim
n—0oo

|xp — 2| = dist(x,,, F) = 8(t + hy).
Obviously, we may suppose that z, — z € F N D(xo, r), so that, since x,, — x,
|x —z| = lim |x, —z| = lim dist(x,, F)
n—o0 n— 00
= dist(x, F) = 5(1).

Moreover,

1
V= E(x —27)LF atz. (5.116)

Then

8(t+hp) —8@) = |xn —znl — Ix — 21 =[x — zu| — |x — 24l
Xn — X, Zpn — X
O L

|x — zn]

Hence

L(t) < lim <x_z” ,x"h—_x>=<)'/(t), x_z>

n—00 \[x — z,| lx — z|
2
= (XI(x),v)
lx — z|
2

= ((X1() = XI(x),v) + (X1 (2),v)).

o x—gl
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From (5.116) and (5.113), together with (5.114), we finally get
L(t) <L|x—z|=L5{).
This completes the proof of (5.115). This inequality, combined with Lemma 5.13.13,
gives

8(t) <8()—38(0)<LT supd,
[0,7]

so that supjg 718 < 1/2 - supy 7 8. Hence § = 0, and the proof is complete. O
Corollary 5.13.15. The closed set F is X -invariant if and only if
(XI(y),v)=0, VyeF* VvlFaty.

Proof. Tt straightforwardly follows from Proposition 5.13.14 and Definiti-
on5.13.12. O

This corollary, together with Corollary 5.13.11, immediately gives the following
result.

Corollary 5.13.16. Let L = Z;’Ll X; be a sub-Laplacian on the homogeneous

Carnot group G. Let u : 2 — R be a C? function satisfying the inequalities (5.106).
Let F .= {x € 2 : u(x) = 0}. Assume @ # F # $2. Then F is invariant with
respect to X1, ..., Xm.

Proposition 5.13.17. Let F be a relatively closed subset of the open set 2 < RN,
Assume @ # F # $2. Then

a:={X € TRY) : F is X-invariant}
is a Lie algebra of vector fields.

Proof. Let X, Y € a, and let A, u be real constants. By Corollary 5.13.15, we have
(XI(y),v) =(YI(y),v) =0forevery y € F* and for every v.LF at y. Then

AXI)+uYI(y),vy=0 Vye F*VvLF aty.

Hence a is a linear space. The next lemma will complete the proof of the proposi-
tion. O

Lemma 5.13.18. In the notation of Proposition 5.13.17, if X,Y € a, then
[X,Y] € a.

Proof. Lety € F*and v.LF at y. Forevery t > 0 define

ra) := (exp(—«/;Y) o exp(—«/?X) o exp(«/;Y) o exp(—«/;X))(y).
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Here o denotes the composition of maps, whereas “exp” denotes the exponential
of a vector field as introduced in Definition 1.1.2, page 8.

Let T > 0 be such that I"'(¢) € §2 for 0 < ¢t < T. By using the Taylor expan-
sion (1.7) of exp (on page 7) with n = 2, a direct computation gives

r@ =y+t(Jyi(y)- X1(y) = Ix1(y) - Y1(y)) 4 0(t)
=y+1[X,YlI(y)+o(t), ast|O.

Then
. rae—y
im —

im =[X, Y (). (5.117)

On the other hand, since F is X and Y invariant, I'(¢) € F for every ¢ € [0, T]. As
a consequence, since D(y + v, |[v]) € (2 \ F) U {y} and I"'(0) = y,

() — (y+ )P = > =T 0) — (v + v

Then, by using also (5.117), we have

d
0> — I0(1) — (v +v)* = 2([X, Y1 (y), V).
t =0

Hence
([X,Y1I(y),v) <0 Vye F*VvlFaty.

By swapping X with Y, we also get ([Y, X1/ (y), v) < 0, so that
(X, Y1I(y),v) =0 Vye F*VvlF aty.
Then, by Corollary 5.13.15, [X, Y] € a. O
Finally, we are in the position to give the proof of Theorem 5.13.8.
Proof (of Theorem 5.13.8). Let us define
F:={xe :ukx)=0}

By hypothesis, xo € F. Then F is a non-empty relatively closed subset of 2. We
have to prove that FF = £2. By contradiction, assume F # §2. Then, since 2 is
connected, F* # (. Let y € F*, and let v.L F at y. By Proposition 5.13.17,

(ZI(y),v)=0 VZeg.

Since dim(g) = N, this obviously implies v = 0. On the other hand, by the very
definition of a vector orthogonal to F, we have v € R \ {0}. This contradiction
completes the proof. O
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5.13.1 A Decomposition Theorem for £-harmonic Functions

In this section, we give a decomposition theorem for £-harmonic functions, resem-
blant to the decomposition of a holomorphic function on an annulus of C into the
sum of the regular and singular parts from its Laurent expansion (for the classical
case of the Laplace operator, see also S. Axler, P. Bourdon, W. Ramey [ABR92]).
Our main tool is the maximum principle from the previous section (precisely, we use
Corollary 5.13.7, page 296).

In the sequel, we assume Q > 3. Moreover, in the proof of Theorem 5.13.20, we
adopt the following notation: G = (R", o, §;) is a homogeneous Carnot group, £ is
a sub-Laplacian on G, I' = d>~ € is the fundamental solution for £ (see Proposition
5.4.2). If d is the above L-gauge, A is any subset of G and A > 0, we agree to set

A) = {x € G|d-dist(x, A) < A},

where
d-dist(x, A) :=inf{d(x ' 0 a) |a € A}.

Moreover, we use the following simple lemma.

Lemma 5.13.19. Let K be a compact subset of G, and let f be bounded on K. Then
the function

F:G— R, F(x)::/F(y_lox)f(y)dy
K

is L-harmonic on G \ K and vanishes at infinity. Moreover, if i is a Radon measure
on RN with compact support K , the same is true for G(x) 1= fRN I'(y lox)du(y).

Proof. 1t easily follows by differentiation under the integral sign (recall also that I”
is locally integrable and vanishes at infinity). O

We are now ready to state and prove the following assertion.

Theorem 5.13.20 (The decomposition theorem). Let the hypotheses in the incipit
of this section hold. Let K C 2 < G, with K compact and §2 open. If u is L-
harmonic in 2 \ K, then u has a decomposition of the form

u=r-+s,

where r is L-harmonic in §2 and s is L-harmonic in G \ K. Furthermore, it can
be assumed that s vanishes at infinity, and in this case the above decomposition is
unique.

Proof. Suppose the theorem holds true whenever §2 is bounded. We show that it
holds true even for an unbounded 2. Indeed, let u € H($2 \ K), where K is compact
and £2 is an (unbounded) open set. Let R > 0 be such that K C By(0, R). Set
2 = 20N By, R). Then K C 2 and, by our assumption, u# can be decomposed as
u="7+s, where ¥ € H(2),s € H(G \ K) and s — O at infinity. We consider the
function r := u—s on £2. Then r is £-harmonic in £2\ K and extends £-harmonically
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across K, since r coincides with 7 on 2 (which is an open neighborhood of K). This
ends the proof, since u = r+s, withr € H(£2),s € H(G\ K) and s — 0 at infinity.

We can then suppose that £2 is bounded. We fix the following notation (see also
Fig. 5.1):

B(A) := closure of (08§2),, C(}) :=closure of K;, A(A) := 2\ (B(L)UCQ)).

B(X) ) B(»)
AQ) A
RN\ C(X)b R\CO)
° Q\B() °

Fig. 5.1. Figure for the proof of Theorem 5.13.20

Since K is compact and 952 is closed, we can choose A > 0 small enough so that
B(A)NnCcm) =49.
Since 2 is bounded, we can choose a cut-off function ¥ € Cgo (RN) such that

supp(¥,) C 2\ K, Y =1on AL).

We consider the function u ¥;, and we agree to consider this function trivially
prolonged on R" to be zero. Hence this trivial prolongation belongs to Cy RM).
By (5.16) in Theorem 5.3.3 (page 237) (being ¥, = 1 on A(A)),

u) = i) == [ 6oy L0y

(o L) )
A(A) B(») C(A) RN\ (A(WUBA)UC (L))

- _(/ +/ )F(yl ox) L)) dy YxeAR). (5.118)
B(}) Cc(h)

In the last equality we used the fact that ¢, = 1 on A()) jointly with Lu = 0 on £2,
and the fact that v, is supported in £2. We now set

Fa(x) = —fm) o™ ox) Luy)()dy  forx € 2\ BO.

s (x) :=— /C(A) F(y_1 ox) L(uy)(y)dy for x e G\ C(A).
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Hence, (5.118) gives the decomposition
u(x) =r)(x) + sp(x) VxeAR). (5.119)

From Lemma 5.13.19, we infer that r, and s, are £-harmonic on the respective sets
of definition and that s, vanishes at infinity.

Let now 0 < p < A. Then obviously A(X) C A(u). From the decomposition
in (5.119), we get an analogous decomposition

u(x) =ry(x) 4+ s,(x) VxeA(w). (5.120)
We claim that the decompositions (5.119) and (5.120) are compatible, i.e.

ry(x) = ru(x) Vxe2\BO),

(5.121)
s (x) = s, (x) VxeG\CQH).
To prove the claim, we first remark that from (5.119) and (5.120) we obtain
1 (x) —rp(x) = 5,(x) — sp(x) VxeA). (5.122)

Now, let us consider the following function

Su(x) —s3(x) foreveryx e G\ C(}),

S:G — R, Sx) = {r,\(x) —ru(x) forevery x € 2\ B(A).

We claim that S has the following properties:

i) S is well-posed: indeed, thanks to (5.122), s, — s; coincides with ry — r, on the
set
{G\NCMIN{L\ B} =AM);
ii) S vanishes at infinity: indeed, this is true for s, and s;;
iii) §is £-harmonic on G: indeed, this is true for s, — s, on the open set G \ C(%),

and this is true for r;, — r,, on the open set £2 \ B(A) (recall that C(u) C C(X)
and B(u) C B(L)).

Now, by the maximum principle (precisely, see Corollary 5.13.7, page 296) we
infer that S = 0, which is equivalent to the claimed (5.121). Now, let us fix a de-
creasing sequence of positive A,,’s such that A,, — 0 asn — oco. We set

r(x):=r,(x) VYxe$§ (wheren e Nissuchthatx € £\ B(},)),
s(x):=s;,(x) YxeG\K (wheren € Nissuchthatx € G\ C(%,)).

Thanks to (5.121), the definition of r(x) and s(x) are unambiguous.” Now, the de-
composition
ulx) =rx)+skx) Vxe2\K

' We are also using the trivial fact that £2\ B(%;;) 1 £2 and RN\C(An) N RN\K asn — 0o.
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follows from the analogous decomposition (5.119) (and the fact that A(L) 1 2\ K
asn — 00). Moreover, it is easily seen that r € H(£2), s € H(G\ K) and s vanishes
at infinity. This gives the desired decomposition of u as in the assertion.

Finally, the uniqueness of the decomposition in the assertion (under the assump-
tion that s vanishes at infinity) is another easy consequence of the same maximum
principle quoted above. Indeed, suppose we are given two decompositions

rnt+s=u=r1+s] on 2\ K,
where

ri € H(2), s;i € H(G\K), li)ngos,-(x) =0, i=1,2.

Then setting

S:G—>R,  S(x)i= {SI(x) T o) forevery v € GAK,
ra(x) —ri(x) foreveryx € 2,

we see that § € H(G), S vanishes at infinity, and we end the proof following the
same arguments as in the previous paragraph. O

5.14 Appendix B. The Improved Pseudo-triangle Inequality

Let G = (RY,8;, o) be a homogeneous Carnot group, and let d be a symmetric
homogeneous norm on G, smooth out of the origin.'?> For example, d could be an
L-gauge on G for some sub-Laplacian £ on G.

We know from Proposition 5.1.7 (page 231) that (even without assumptions on
smoothness or symmetry of d) d satisfies the pseudo-triangle inequality

d(aob) <c(d(a)+d()) foreverya, b eG.

Here ¢>1 is a constant depending on d and G.
The aim of this brief appendix is to prove the following improvement of the
pseudo-triangle inequality. For the following result, see also [DFGLOS5, (2.6)].

Proposition 5.14.1 (The improved pseudo-triangle inequality). Let d be a sym-
metric homogeneous norm on the homogeneous Carnot group G. Furthermore, sup-
pose d is smooth out of the origin. Then there exists a constant B > 1 depending
only on d and G such that

diyox)<Bd(y)+dx) foreveryx, y € G. (5.123)

12 In other words (see the definition at the beginning of Section 5.1, page 229), the present d
has the following properties:
d € C(G,[0,00)) N C®(G \ {0}); d(8p(x)) = Ad(x) for every A > 0 and x € G;
d(x) =0iff x =0; d(xfl) = d(x) forevery x € G.
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Proof. Since (5.123) holds when y = 0, we can suppose y # 0. Since d is §;-
homogeneous of degree one, (5.123) is equivalent to

d(81/a(y)(¥) 0 81/d(y)(x)) < B+ d(81/a(y)(x)). (5.124a)

By using the symmetry of d and setting
71 = 817400 (), 1~ = 81740 (%),
(5.124a) is equivalent to (note that d(81/4(y)(y)) = 1)
dno&)—dn) <8 forevery &, n € G: d(§) = 1. (5.124b)

By the usual'® pseudo-triangle inequality for d, (5.124b) holds when n € B;(0, M),
ie.d(n) < M (where M = M(d,G) > 1 will be chosen in the sequel). Indeed, if
n € Ba(0, M), we have

dmo§) —dm) =c(dm) +d§)) —dm) =(c—Dd(n) +e<(c—DHM +c=: p.

We can hence suppose n ¢ B;(0, M). Roughly speaking, we will show that we
can drop n from (5.124b), by an argument of left-translation along curves which are
supported away from zero, when M is large enough. Then, (5.124b) will follow from
the classical mean value theorem.

We now make this precise. Set Z := Log (§) € g, where Log is the logarithmic
map related to G and g is the Lie algebra of G. Consider the integral curve y of Z
starting from 7, i.e. with our usual notation

y(t) = exp(tZ)(n) = noexp(tZ)(0) = n o Exp (1Z).

Here we used Corollary 1.2.24 (page 24) and the definition of exponential map
(see page 24). Obviously, we have y(0) = n and y(1) = no Exp(Z) = no
Exp (Log (§)) = n o &. If we show that we can choose M > 1 such that

diy() >1 for every t € [0, 1] (5.124¢)

(recall that y depends on 1, besides &), then [0, 1] > 7 — u(¢) := d(y(¢)) is smooth
(for d is smooth out of the origin by hypothesis) so that the classical Lagrange mean
value theorem applies and gives

d(mo&) —d(n)

u() = u(@ = sup (0] = sup [(V) 1), 70)

tel0,1] te(0,1]
= sup (V) (1), ZD(r )|
t€[0,1]
= sup |(Zd)(y1))|. (5.124d)
1€0,1]

Let X1, ..., Xy be the Jacobian basis for the Lie algebra g of G. Hence,

13 See Proposition 5.1.7-1, page 231.
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N
Z=Log(&) =) p;&)Z; (5.124e)

j=1
where the p;’s are polynomials, so that there exists a constant C such that

sup |pj§)|<Cy forallj=1,...,N, (5.124f)
d¢)=1

since {§ € G : d(§) = 1} is a compact set (see, e.g. Proposition 5.1.4, page 230).
Moreover, Z; is §;-homogeneous of degree o; > 1 (see Corollary 1.3.19, page 42),
so that Z;d is §;-homogeneous of degree 1 — o; < 0. Consequently, it is bounded
on G\ By(0, 1), say

sup [(Z;d)(¢)| < Cy forallj=1,...,N. (5.124¢)
d(¢)=1

We now use again the claimed (5.124¢) and, by collecting together (5.124f) to
(5.124g), we derive that (5.124d) yields

dino&)—d(n) < sup |(Zd>(;>|

Zp,(&)(z d)(©)| < NC1Ca.

= sup
d(@)=1

This proves (5.124b). We are then left to prove (5.124c). From the pseudo-triangle
inequality for d (see Proposition 5.1.7-2, page 231) we have

1
d(y (1)) =d(noExp(1Z)) = Zd(n) —d(Exp (1Z))

1 1
>-M-— sup d(Exp (t Log (§))) =: - M —m(d, G),
¢ 1€[0,1], d(&)=1 c

whence (5.124c¢) follows by choosing M = c¢(1 4+ m(d, G)). The finiteness of
m(d, G) follows from

N
d(Exp (1 Log (§))) = d(Exp (th,-@) Z,-))

j=1

< sup d(Exp(ZQ >><OO
lgj1<C1 =

uniformly for ¢ € [0, 1], d(§) = 1. Here we used (5.124f) and the fact that

N
q(¢) = Exp (Z g Z./)

j=1

has polynomial coefficient functions (see (1.75a), page 50). This completes the
proof. O
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Note that, 8 being the constant in Proposition 5.14.1, if we replace x, y in (5.123)
by, respectively, y~! o z and z7! o x, we get

diy'ox)<Bd(y'oz)+d(z'ox) foreveryx, y,ze€G. (5.125a)

Moreover, by interchanging y and z in the above inequality (and using the symmetry
of d) one gets

ldy lox)—dz 'ox) <Bd(y 'oz) foreveryx, y, zeG. (5.125b)

5.15 Appendix C. Existence of Geodesics

Let G = (]RN , 85, 0) be a homogeneous Carnot group. Let
g= W(l)@W(z)@...@W(r)

be a stratification of the Lie algebra of G, as in Remark 1.4.8 (page 59). Let X =
{X1, ..., X;u} be any basis of WO We consider the related Carnot—Carathéodory
distance dy. The aim of this section is to prove that the “inf” defining dx in (5.6) on
page 232 is actually a minimum.

In other words, fixed any x, y € G, we show the existence of a X-subunit curve
y : [0,T] — G connecting x and y (i.e. y(0) = x, y(T) = y) such that T =
dx(x, y). We shall call any such curve a X-geodesic (for x and y).

The existence of geodesics can be proved in many general cases (see [Bus55]
and [HKO00]). Our argument here will make crucial use of the §;-homogeneity and
left-invariant properties of the system X. The resulting proof will be quite simple
(for a more general proof, see the note after Theorem 5.15.5).

First, we recall that, by Propositions 5.2.4, 5.2.6 and Theorem 5.2.8,

dx(x,y) =do(y ' ox) foreveryx,yeG, (5.126)
where
do(z) :=dx(z,0), z€G, (5.127)
and do is a homogeneous (symmetric) norm on G. As usual, we denote the dilation
of G by

8 (x) =8 (x1, ..., xn) = A%x1, ..., A%xy), A>0, xe@G,

where | = 01 < --- < oy = r are consecutive integers and r is the step of nilpo-
tency of G. We are ready to prove the following result.

Proposition 5.15.1. Let G be a homogeneous Carnot group, and let d be any homo-
geneous norm on G.
For every compact set K C G, there exists a constant cx > 0 such that

1

) Ix—yl<dy lox)<cxlx—yl'" Vx, yeKk, (5.128)

where r is the step of G and | - | is the Euclidean norm on G = RV
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In particular, (5.128) holds true if d(y~" o x) is replaced by dx(x, y), where
dx is the control distance related to any basis of generators (of the first layer of the
stratification of the Lie algebra) of G.

(Note. More generally, the estimates in (5.128) also hold when d = dx (with a
suitable r), where X is a system of smooth vector fields satisfying the Hérmander
condition, see [Lan83,NSW85,VSC92,Gro96]. The first equality in (5.128) holds for
a general Carnot—Carathéodory distance d = dy, see [HKOO] and Ex. 25 at the end
of the chapter.)

Proof. Once (5.128) has been proved, the last assertion of the proposition follows
from (5.126), by taking d = dy (dp as in (5.127)).
We then turn to prove (5.128). If | - | denotes the absolute value on R, set

N
0:G—1[0,00), o(x)=) |x". (5.129)

Obviously, ¢ is a homogeneous (symmetric) norm on G. By the equivalence of
all homogeneous norms on G (see Proposition 5.1.4), there exists a constant ¢ =
c(o,d, G) > 1 such that

¢ lox) <d(x) <co(x) VxeG. (5.130)
Thus (5.128) will follow if we show that, given a compact set K C G,

) Mx—yl <oy lox)<exlx—y|'/" Vx, yek, (5.131)

for a suitable constant cg > 0.
Now, we recall the result in Corollary 1.3.18 (page 41): forevery j € {1, ..., N}
and every x, y € G, we have

(y~! ox)j=xj—yj+ Z Pk(‘/)(x,y) (k= yi),

k:ox<oj

where Pk(j ) (x, y) is a polynomial function. Thus, the very definition of o gives
N 1 / oj

oy toxy =)

j=1

xi—yi+ Y PPy -y

k:op<o;

(5.132)

Since any Pk(j ) is a continuous function, we immediately get from (5.132) the esti-
mate from above: for every x, y € K

1/o;
oy~ ox) <Z(|x1—y,|+cz o iIXk—yk|> j
N 1/(,] N
5c’2( > |xk_)’k|> Z > b=l

j=1 “k:ox=o0; =1 k:ox=<o0;
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N N
7 1/0; " 1
<"y g =yl <Y g — MoV
Jj=l1 j=l1

N I/on
SCWN<Z|Xj—)’j|> Sc///NlJrl/oN |x_y|1/<TN.
j=1

This gives the estimate from above in (5.131), since oy = r. (Yet another proof of
the estimate from above can be obtained by the Lagrange mean value theorem.'#)
The estimate from below is just a little more delicate. We fix the notation: for
every j = 2,..., N, let n; be the cardinality of the set {k : o} < o;}. Leta be a
vector in R” with n = ny + - - - + ny, and let us denote « in the following way

o= (a(2), ...,a(N)) with o) = (aij), . ..,afli)), j=2,...,N.
With the notation in (5.132), if K is a compact subset of G, there exists a constant

M > 1 such that (recall that the Pk(j )°s are polynomial functions)

sup [P (x,y)| <M Vj=2,...,NVk: o <o
x,yeK

As a consequence, (5.132) gives (here M = n M)

N

oy o) =)

j=1

. /o
xi=yit > PPy =)

k:ox<oj

14 Tndeed, fix any y € G and set
fy RV >R A0 =0"1ox);.
Given any x, xg € G, by the Lagrange mean value theorem, we have

) @) = fyxol = sup IV fy &)l x — xol.

[&—xo0|<[x—x0l

Now, take xo = y and observe that fy(xp) = fy(y) = 0. Moreover, if x, y belong to a
compact set K, and if Rg > 1 is such that K € B(0, Rg), then

sup V&)l =< sup IVfy@E)l=:M; < oo,
[E—yI<lx—yl |&€|<Rg+diam(K)

for fy (&) is a polynomial function in & and y. Thus, (x) gives (set M = max j<n M)
(0" ox)jl <Mix—yl  ¥x,yeKVj<N.

Then, for every x, y € K, we have

N
N
Q(y71 ox) = Zl |(y71 ox)jll/oj < czj:llx 7y|1/0j < C/|x 7y|1/r.
j=
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N 1/o;
f =: .
> |a1|2M{Z } (%)

=Yt Z ’)(Xk—yk)

k:ox<oj

Being x, y € K, we obviously have (whenever o < M)

X;j—yj+ Z ])(Xk—yk)

k:op<o;

<c(K,M) < o0,

hence (notice that 1/0; < 1)

l/r
(x> SEMUT {
|oz\<M

)
(K. M) Xj—yjt Z o (XK — yi)

k:ox<oj

2

Jj=1

|

= ¢'(K) |ai|2fM {falx =9} = (K,

where
N

fo RV SR, fu@) =) |z +

Jj=1

Z a,ﬁ” %l

k:ox<oj

We explicitly remark that f,, is homogeneous of degree 1 with respect to the Euclid-
ean dilations on RV. As a consequence (if x # y, otherwise there is nothing to
prove),

fulx —y) =|x — | fa(—x - ) > x —y| inf fu(®).
lx — vl &]=1
This gives

*) > |x —y| (K > |x — y| ¢"(K).
(k) =[x — yle( )HMIEIlfa(S) lx — yle"(K)
Indeed, since f, (&) is a continuous function in £ and «, and (for every o) fo(-) is

positive outside the origin (as a simple inductive argument shows), there exist g and
&y (with |ag| < M and |&g| = 1) such that

inf fou®) = fao(EO) > 0.

le| <M, [£|=1
This gives the lower estimate in (5.131) and completes the proof. O

From Proposition 5.15.1 we obtain useful corollaries, as we show below. In the
sequel, we write dg to denote the usual Euclidean metric on G = RN,

Corollary 5.15.2. Let G be a homogeneous Carnot group. Let dx be the control
distance related to any basis X of generators (of the first layer of the stratification of
the Lie algebra) of G.
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Then A C G is bounded in the metric space (G, dx) if and only if it is bounded
in the Euclidean metric space (G, dg). More precisely, there exists a constant ¢>1
such that (for every R > 0)

B4, (0, R) € By, (0,R(R)) and By, (0, R) € By, (0, R2(R)), (5.133)

where
Ri(R) = cmax{R, R"}, Ry(R) = cmax{R, R'/"}.

(Note. The fact that a bounded set in (RY, dg) is also bounded in (RY, dy)
holds for a dx related to a general system of vector fields satisfying the Hormander
condition, see the note after Proposition 5.15.1. The reverse assertion may be false
even in the Hormander case, see Ex. 27.)

Proof. By (5.130), we know that there exists a constant ¢ = ¢(g, dx, G) > 1 such
that
¢ lo(x) <dx(x,0) <co(x) VxeG, (5.134)

where o is as in (5.129). Now, it is obvious that aset A C G is bounded in (G, dg) iff
there exists R > 0 such that A C B, (0, R). This remark jointly with (5.134) proves
the first assertion of the corollary.

Precisely (see the definition of p), it holds (for every R > 0)

By, (0, R) € B, (0, N max{R, R'"}), B,(0, R) € By, (0, N max{R, R"}).
These inclusions, together with (5.134), prove (5.133). O
Obviously, (5.133) also gives the inclusions
B4, (0,R3(R)) € B4, (0,R) and By, (0,R4(R)) € By, (0, R), (5.135)

where
R3(R) = ¢ ' min{R, R""}, R;(R) =c¢ " min{R, R"}.

Corollary 5.15.3. Let the hypothesis of Corollary 5.15.2 hold.
Then the map
id: (G,dx) — (G,dg), id(x)=x

is a homeomorphism. As a consequence, the topologies of the metric spaces (G, dx),
(G, dg) coincide.

(Note. The continuity of id : (G, dx) — (G, dg) holds for a general Carnot—
Carathéodory distance dy, see Ex. 25 at the end of the chapter. For a general dy, the
reverse continuity may be false, see Ex. 26 (see also [BR96]). Instead, this reverse
continuity holds for all smooth vector fields satisfying the Hormander condition, see
the note after Proposition 5.15.1 and Ex. 25.)
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Proof. Let {x,},en be a sequence in G. Suppose x, — x in (G, dg). Then there
exists a compact set K C RY such that x, x,, € K for every n € N. Hence, by the
second inequality in (5.128), we derive

dx(x,x,) <cglx —x| VYneN,

so that, letting n — o0, x,, — x in (G, dy) too.

Vice versa, suppose x, — x in (G, dx). Then the sequence {x,}, is bounded in
(G, dx). Hence, by Corollary 5.15.2, it is also bounded in (G, dg). Consequently,
there exists a compact subset K of RY such that x, x, € K for every n € N. Hence,
by the first inequality in (5.128), we derive

|x —xu| <egdx(x,x,) VneN,

so that, letting n — o0, x, — x in (G, dE) too.
We have thus proved that

d . dg dg - d
Xn x> id(x,) —F>x, Xn Ly = id 1()cn) X x.

As a consequence, by the well-known characterization of continuity (in a metric
space) as sequential-continuity, we infer that id : (G, dyx) — (G, dg) is a home-
omorphism. This implies that id and id~! are open maps, i.e. (G, dx) and (G, dg)
have the same open sets. O

By collecting together the above lemmas, we obtain the following result.

Proposition 5.15.4. Let G be a homogeneous Carnot group. Let dx be the control
distance related to any basis X of generators (of the first layer of the stratification of
the Lie algebra) of G.

Then, a subset of G is, respectively, open, closed, bounded or compact in the
metric space (G, dx) if and only if the same holds in the Euclidean metric space
G =RV,

In particular, the compact subsets of (G, dx) are precisely the closed and
bounded subsets of RN or, equivalently, the closed and bounded subsets of (G, dx).

Proof. Let A € G. Then, by Corollary 5.15.3, A is, respectively, open, closed or
compact in the metric space (G, dyx) if and only if the same holds in (G, dE).

By Corollary 5.15.2, A is bounded in (G, dx) if and only if the same holds
in (G, dg). This also gives the last assertion of the proposition and completes the
proof. O

We are in a position to prove the following result.

Theorem 5.15.5 (Existence of X-geodesics). Let G be a homogeneous Carnot
group. Let dx be the control distance related to any basis X of generators (of the
first layer of the stratification of the Lie algebra) of G.

Then, for every x,y € G, there exists a X-geodesic connecting x and y, i.e.
there exists a X-subunit path y : [0, T] — G such that y(0) = x, y(T) = y and
T =dx(x,y).
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(Note. Since we proved that the compact subsets of (G, dx) are precisely the
closed and bounded subsets of (G, dx) (see Proposition 5.15.4) this result also fol-
lows from the general results in [Bus55, page 25].)

Proof. Fix x,y € G. By definition of dy, there exists a sequence {y;,},en of X-
subunit paths

Yo 10, Thl = G, yvu(0)=x, vu(T) =y, Tp\idx(x,y).

By definition of X-subunit path, y;, is an absolutely continuous curve such that, for
every n € N, there exists E,, C [0, T,] such that F,, := [0, T,,] \ E, has vanishing
Lebesgue measure and

Gu(0), )7 = S (X100, 8> YEeRY Vi ek, (5.136)
j=l1

Since T,, < T, 4+ for all n, it is not restrictive to suppose that every y;, is defined on
[0, T1], by prolonging y,, to be y on (7},, T1]. We still denote this prolongation by y,.
Observe that the prolongation is still a X-subunit path (connecting x to y) because,
for t € (T,, T1], yn is constant, whence the far left-hand side in (5.136) is 0. The
resulting prolongation is also trivially absolutely continuous.

We claim that the family of functions F = {y,,},, on [0, T1] is uniformly bounded
and equicontinuous.

o F is equicontinuous: Suppose we have proved that F is uniformly bounded,
ie.

AM=>0: sup |y,(t)| <M Vnel. (5.137)
te[0,71]

Then the equicontinuity of F follows. Indeed, for every ¢, ¢’ € [0, Ti], it holds

t
5/ ()] ds
t/

!
(see the note!”) z/ sup |<J),,(S),§)|ds
1" §eRN:|g]=1

t
[Yn (@) — yu ()] = ‘/ Vn(s) ds
t/

, m 1/2
(by<5.136)>sf sup <Z<Xj1<yn(s)>,s>2) ds

v ogeRN:fg1=1 \ j21

1/2

t m

(Cauchy-Schwartz) < f sup <Z | X ;1 (yn ()N |<§|2) ds
1 EeRN:[EI=1 \ o

15 Here, we use a well-known fact: if v € RN , then

o] =" sup  [{v,§)].
£eRN: [g|=1
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t
=f (X1, X D) (a(5))] s
l/

(by (5.137)) <t —1| sup |(Xil,....XuD())| < M|t —1'].
nl=M

In the last inequality, we used the smoothness of the X ;’s. Note that this proves more
than the equicontinuity, namely, F is a uniform Lipschitz-continuous family.

o F is uniformly bounded: We are then left to prove (5.137). By the very defini-
tion of dy, for every ¢ € [0, T1], we have

dx(x,yn()) <t < Th.
As a consequence, by the triangle-inequality for the distance dy, we get
dx (0, ya (1)) <dx(0,x) +dx(x, yo(r)) <dx(0,x) +T1 < 00.

Hence, the set {y,, () : n € N, ¢t € [0, T1]} is bounded in (G, dx), so that, due to
Corollary 5.15.2, the set is bounded in the Euclidean metric. This is precisely (5.137).
We are then entitled to apply the Arzela—Ascoli theorem, ensuring that there
exists a subsequence of {y,},en Which converges uniformly on [0, T1], say to y :
[0, T1] — G. For the sake of brevity, we still denote this uniformly convergent
subsequence by {y; }nen.
Set T := dx(x, y). We aim to prove that the curve

Yy [0, T1 > G, y*:=vylor

is X-subunit and y connects x to y, which will end the proof since y is defined on
[0, T].

First, y,(0) = x for every n € N yields y(0) = x, by pointwise convergence.
Second, since y, converges uniformly to y on [0, T1], and {7,}, is a sequence in
[0, T1] converging to T, we infer

yn(Tn) — y(T),
so that
y*(T) =y(T) = lim y,(T,) =y,
n—oo

because y,,(T,) = y for every n € N. This proves that y* connects x to y.

Finally, we prove that y is X-subunit. To begin with, we remark that y is ab-
solutely continuous. Indeed, in proving the equicontinuity of 7, we showed that there
exists a constant M’ such that

lyn @) — Yu @) < M'|t —1'| foreveryn € Nandeveryt,t' [0, Ti].

Letting n — oo, this shows that y is Lipschitz continuous, whence it is absolutely
continuous. Obviously, y is X-subunit iff, for every fixed £ € RY the functions
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m 1/2
fra) = (Z<Xj1<y<r)),s>2> +(y(1), €)
j=1
are non-negative a.e. on [0, 77]. To this end, it suffices to prove that (notice that f1 €

LY(0, 1))
T

fEO e di =0 YoeCP0,T), ¢ =0. (5.138)

First, being y,, X-subunit, it holds

Ty m 1/2
0< fo {(Z(le(yn(t)), €)2> + (y, (1), g>}¢(,)d,
j=1

m

T 12 7
=/0 (Z(le()/n),S)z) @i/O (Y, E)p =1 A, £ B,

Jj=1
for every n € N and every ¢ € Cgo (0, T1), ¢ > 0 (exploit (5.136)), whence
0<A,xB, foreveryn eN. (5.139)

Now, by dominated convergence (indeed, recall that X; is smooth and {y;},en is
uniformly bounded), the limit of A, is easily obtained:

T [ m 1/2 T [ m 12

j=1 j=1

Furthermore, the limit of B, can be obtained by recalling that absolutely continuous
functions support integration by parts:

T, N Ty N Ty
b= [ ntle=2 8 [ Goio=-26 [ o
0 i=1 70 i=1 70
n—o00 N n N n T
SEDICH RITED TN RETEY BT PR
i=1 i=1

(Passing to the limit, we used another dominated convergence argument, recalling
that 5, — y uniformly.) As a consequence, letting n — o0 in (5.139), from (5.140)

and (5.141) we infer
m 1/2 T
/ (szms ) wifo 7.6)0

which is exactly (5.138) (by the very definition of f¥). This completes the
proof. O
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As a consequence of Theorem 5.15.5, we have the following segment property
for the Carnot—Carathéodory distance on a homogeneous Carnot group. (See also
B. Franchi and E. Lanconelli [FL83] for the segment property in a sub-elliptic con-
text.)

Corollary 5.15.6 (The segment property). Let G be a homogeneous Carnot group.
Let dx be the control distance related to any basis X of generators (of the first layer
of the stratification of the Lie algebra) of G.

Then the metric space (G, dx) has the segment property, i.e. for every x, y € G,
there exists a continuous curve y : [0, T] — G with y(0) = x, y(T) = y, and such
that

dx(x,y) =dx(x,y(®) +dx(y(),y) foreveryt €[0,T].

For instance, y can be any X-geodesic connecting x and y, whose existence is
granted by Theorem 5.15.5.

Proof. Let x,y € G be fixed. Let y be a X-geodesic connecting x and y: the exis-
tence of such a X-geodesic is granted by Theorem 5.15.5. We claim that

dx(x,y) =dx(x,y(®) +dx(y(@),y) foreveryt [0, T].

Fix ¢t € [0, T]. First, by the very definition of dx (being y a X-subunit curve), we
have

) dx(x,y@) =t
(Actually, the equality will hold.) We next prove that
(x)  dx(y(0),y) =T —1.
(Actually, the equality will hold.) Indeed, consider the curve
Y0, T —t]1—> G, V() :=yp(+1).

Obviously, ¥ is X-subunit and y(0) = y (¢), ¥ (T —t) = y(t) = y. Hence, again by
the definition of dy, one has

dx(y(t),y) =dx (Y 0),y(T —1)) =T —1,

i.e. (»x) holds. Consequently, by (x) and (xx) together with the triangle-inequality,
we get

T =dx(x,y) =dx(x,y(0)) +dx(y@®),y) <t +(T —t)=T.

Hence, these inequalities are in fact equalities, and the proof is complete. (Inciden-
tally, this also proves that the equality holds in (x) and (xx).) O

Bibliographical Notes. Some of the topics presented in this chapter also appear in
[BLO1].
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For other equivalent definitions of the Carnot—Carathéodory distance, see, e.g.
[JSC87,NSW85]. See [HKOO0] and the references therein for applications of Carnot—
Carathéodory distances in PDE’s problems. In particular, see the collection of papers
[BRI6] for an introduction to the geometry of C-C spaces. For explicit estimates of
the Carnot—Carathéodory distance for “diagonal” vector fields, see [FL82]; for the
segment property, see [FL83]. See also [GNI8].

The gauge functions on the Heisenberg group and on H-type groups were dis-
covered by G.B. Folland [Fol75] and A. Kaplan [Kap80], respectively.

For mean value formulas for the Hormander sum of squares, see [Lan90,CGL93];
see [Gav77] for mean value formulas for the Heisenberg group; for a survey on mean
value formulas in the classical setting of Laplace’s operator, see [NV94] (see also the
list of references therein for related results in a non-Riemannian setting).

The bibliography on Harnack-type inequalities for sub-elliptic operators is ex-
tremely vast: see, e.g. [FL83] for the first result on these topics. See also [BM95,
Bon69,FGW94,FL82,GL03,LM97a,LK00,5aC90,SCS91,Varo87].

For Liouville-type theorems for homogeneous operators, see [Gel83,KoSt85,
LM97a,Luo97]. For results on the maximum principles and propagation, see [Ama79,
Bon69,Hil70,Hop52,PW67,Red71,Spe81,Tai88].

5.16 Exercises of Chapter 5

Ex. 1) Give a detailed proof of Lemma 5.13.19, page 303.
Ex. 2) The following operator

L= (@)* + @By, +x; 8)) + (3.)°
j=I

in R2*+2 (the points are denoted by (x, y, z, 1) with x = (x1, ..., x,) € R",
y=Oi1,...,ym) € R", z € R, t € R) is not analytic-hypoelliptic (see
[Rot84]). Find an explicit homogeneous Carnot group G such that £ is the
canonical sub-Laplacian of G.

Ex. 3) Construct explicitly the Carnot group referred to in Example 5.10.6, page 286.
(Hint: Model the needed composition law on the composition law in Exam-
ple 5.10.5, page 285.)

Ex. 4) Consider the Kolmogorov-type group in Ex. 7 of Chapter 3, page 179. By
means of formula (5.92), verify that the fundamental solution of its canoni-
cal sub-Laplacian is given by (when x # 0)
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I'(x,1)
:c/ dridn _|T|
R2 sinh | 7|

5
(2 —mix)? 42 mnm (T2 + (@ + e D}
{...the above braces .. .}? + (tj7] + 1)

where c is the dimensional constant

3
T2

Ex. 5) Prove thatif f € L} (R"), then

X > |f(»)Idy
Bg(x,r)

is a continuous function.
Ex. 6) Provide a detailed proof of (5.61) at page 264.

Ex.7) Letu € C*(B4(0, R)) N'H(B4(0, R) \ B4(0,7)), 0 < r < R. Prove that
there exist constants Cg, C; such that

C
M,u)(0) = Co+ ——— forevery p € (r, R).
pQ2
Ex. 8) (The surface asymptotic sub-Laplacian). Let 2 € G be open, and let

u € C(£2,R). Given x € 2, we say that the surface asymptotic sub-
Laplacian of u at x is non-negative, written ALu(x) > 0, if

liminf M) —u® o

r—0t r2

If AC(—u)(x) > 0, we write ALu(x) < 0. Prove the following statements:
(1) If ALu > 0and ALv > 0, then AL(Au+pv) > 0forevery A, u > 0.
(i) If ALu > 0and A <0, then AL(Au) <O.
(iii) If u € C*(£2,R) and Lu > 0, then ALu(x) > 0 for every x € £2.
(iv) If xo € £2 is a local maximum point for u, then ALu(xp) < 0.
Ex. 9) (The solid asymptotic sub-Laplacian). Let £2 € G be open, and let u €

C(£2,R). Given x € £2, we say that the solid asymptotic sub-Laplacian of
u at x is non-negative, written ALu(x) > 0, if

M _

fim inf D) Z 4

r—>0t r

If AC(—u)(x) > 0, we write ALu(x) < 0. Prove the statements of the
previous exercise with AL replaced by AL.
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Ex. 10) (Maximum principle for AL and AL). Let 2 C G be open and bounded.
Letu € C(£2, R) be such that

ALu >0 in £2, ALu>0 in £2,
limsupu(y) <0 Vxed, O |limsupu(y) <0 Vxeds.
y—x y—=x

Prove that u < 0 in §2. (Hint: Proceed as in the proof of the weak maximum
principle, Theorem 5.13.4.)

Ex. 11) Provide the detailed proof of the result in Remark 5.6.4.

Ex. 12) Let £ be a sub-Laplacian on a homogeneous Carnot group G on R". Sup-
pose that £ has no first order differential terms, i.e. L(x;) = 0 for every
k=1,...,N.Lety € C*(G, G) be such that

Luoy)=(Lu)oy YueCXG). (5.142)

Following the usual notation for the “stratification” of the variables of G,
we set

v=wh ...y
(here @ e C*(G,RNi), Ny 4+ ---+ N, = N and N; is the dimension of
the i-th layer in the stratification of the algebra of G). Prove that, for every
1 < j < Nj,itholds
0=2Ly
T (5.143)
L=[vey [
(Hint: Use (1.112) in Ex. 12, Chapter 1, page 83.)
Let now u(l) (w(l))2 Then u( ) > 0, and from (5.143) we have Eu( ) =

a .

2. Using L10uv1lle Theorem 5 8 4, derive that u; is a polynomial of G-

degree < 2 and therefore u' ] = p1(xD) + pz(x(z)) where p; and p; are
polynomials of ordinary degrees 2 and 1, respectively. Deduce that p; = 0.

Since |1//](.1)| =,/ ui.l), using, for example, Theorem 5.8.8, derive that 1//](-1)

is a polynomial of G-degree < 1, depending at most on x (V).
Now suppose by induction that (", ..., ¥ have polynomial component
functions of G-degree respectively 1, ..., n at most. Write £ = Z,le X,%

with X; = YN 6" 8. Prove that (using again (1.112)) if i = n + 1 and
1 < j < Nj41, it holds

_ ﬁlﬁ(~n+1)
J
n 2
{Z£=1< o) W) = Veu U

Letu "V := (¢ "*D)2; then 1" > 0 and, from (5.144), derive

(5.144)

p
(+1) (k)
Luf* =23 (0%, Y.
k=1
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On the other hand, 0,2]21’ j

only on x(' ... x™_ Consequently, by induction hypothesis,

is a polynomial of G-degree n thus depending

(k) 2 _ (~ &) 1 2
(Un+1,j) W) = (Un+1,j(¢( )’---’lfj(n)))
(n+1)
J
degree at most 2 + 2n, consequently |1pj(."+l)| = ‘/u(/."H) < C(1+ |x])*1.
This last estimate, together with Ex/f](."H) = 0 and Theorem 5.8.2, proves

has G-degree at most 2 n. Therefore (why?), u is a polynomial of G-

that wj(."H) is a polynomial of G-degree at most n + 1. We have proved the
following assertion.

Proposition 5.16.1. Let y be a C*(G, G) map such that
Lo w = I[/ o ,C,

where L is a sub-Laplacian without the first order differential terms. Follow-
ing the usual notation of the coordinates on G, we let = (lﬂ(l), R 1//(’)),
where (D e C2(G, RNi) for every j =1, ..., r. Then each component of
¥ is a polynomial function of G-degree less or equal to j.

Ex. 13) (Maps commuting with Laplace operator A). Consider the Laplace oper-

ator A = Y1, 82, on RV Let y € C2(RN, R) be such that
AWwoy) = (Au)oyr  Vue CXRY). (5.145)

With the aid of Ex. 12, Chapter 1, page 83, prove that (5.145) holds if and
only if

Ay =0, i=1,...,N,

IVyil? =1, i=1,...,N,

(Vy;,Vyj) =0, 1<i,j<N, i#]j.
Derive that there exists an N x N orthogonal matrix M and a vector C € RV

such that
Y(x)=Mx +C.

This means that the set of the maps commuting with the Laplace operator
coincides with the group of the isometries of RV .

Ex. 14) (Maps commuting with Ag). Let us consider the Kohn Laplacian Ay

on the Heisenberg-Weyl group H' = R3. We characterize the maps ¥ €
C%(R3, R%) such that

Agiwoy) =(Agu)oy  Yue CPHHY. (5.146)

Set ¥ (x,y,t) = (E(x,y,1t),n(x, y,1), T(x, y,t)). With the aid of Ex. 12,
Chapter 1, page 83, prove that (5.146) is equivalent to
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1= |Vii&|?,
O_ AHI

- il_ Vi,

0= AHIT},

{4(&2 +1%) = |V,

(ii1)
0= AHI'L',

@iv) 2n = (Vmé, V),

v) —2& = (Vin, V1),

vi) 0= (V& Vigin).

Using Liouville Theorem 5.8.4, derive that £ and 5 are polynomials of H!-
degree < 1, 7 is a polynomial of Hl-degree < 2. Hence, there exist con-
stants such that

E(x,y,t) =co+cix+c2y,
nx,y,t) =do+dix+dyy,
T(x,y,t) =eg+e x+ery+est.

From the first equation in (i) and the first equation in (ii) and from (vi) it
follows that there exists 8 € [0, 2 r[ such that

(c1, ¢2) = (cos B, sinb), (dy,dr) = &=(—sin6, cosh).
From (iv) and (v) one gets

e1+2ye3 . 2doc1 — 2dico £2y
ez—Z)CE3 - 2d()C2—2d2C02|22x

ie.
==x1, e =2dyc; —2dicy, ey = 2docr — 2dyco.
Recalling that on H' it holds
(@, B, y)o(x,y,0) =(x +o,y+ B, 1 +y+2xB —2ya),
we have proved that the only maps commuting with Ay have the form

c by
Yi(x,y, ) =|do | o M+'(y) ,
e t

(=)

i = do ] M—'()yc) ,
e —t

where M and M_ are (respectively) isometries with the determinant equal
to +1 (respectively, —1) and (co, do, o) is a fixed point in H!.
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Ex. 15)

Ex. 16)
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(Translation-formula in surface integrals over a d-sphere). Let f : G —
R be non-negative (or with suitable summability properties). Let d be a
smooth, homogeneous and symmetric norm on G, and let S(xg, r) be the
d-sphere with center xo and radius » > 0. Finally, let H N-1 denote the
Hausdorff (N — 1)-dimensional measure on R" . Prove that

/ F)ydHY ' (x) = f f(x00y) Ka(xo, y) dHY 7 (y),
S(xo,7) S(@0,r)

where
IV(d(xg " 0 ))I(x00y)
IVd(y)|

Ka(xo,y) :=
Prove also that
|Vd(y)j‘fxal (XOO)’)| _ Vd(y)
[Vd(y)| IVd(y)l
(Hint: Consider the identity (why does it hold?)

Ka(xo,y) = . eral (xp 0 y)|.

/S( )f(x)dHN(X)=f fxooy)dHN (y)
X0,"

S(0,r)

rewritten (by the coarea formula) as

r dHNfl(x)
[ )
0 S(x0,A) [Vd(x, " o )](x)

r dHN1<y)>
= oy) ————= ) d
/o </S(o,x)f (0o gam )¢

and differentiate w.r.t.r.)
In the sequel, d is a symmetric homogeneous norm on G. If x € G and
A C G is any set, we call the d-distance of x to A, the following real non-
negative number
disty(x, A) := inf d(x "' 0 a).
acA

Prove the following result.

Lemma 5.16.2. Let A C G be any set. For every x € G, there exists @, € A
(the closure of A) such that

disty(x, A) = d(x "' oay).

(Hint: By definition, there exists {a;}; in A such that dxloa i) =
disty(x, A). Obviously, {a;}; is bounded, otherwise d(x~lo aj) > % d(aj)—
d(x) — oo. Then, extract a subsequence a;, — dy € A, asn — oo, and
use the continuity of d.)

Then prove the following result.
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Proposition 5.16.3. Ler A © G be any set. The following assertions hold:
(a) Forevery x € G, we have disty(x, A) = disty(x, A);
(b) The d-distance from A, i.e. the function

disty(-, A) : G — [0, 00), x > disty(x, A),
is a continuous function.

Hint: (a). Let @ € A be such that disty(x, A) = d(x ! o). Leta; € A be
such that a; — a as j — oo. Then consider the following inequalities:

disty(x, A) > disty(x, A) = d(x "' o)
= lim d(x~'oa;) > disty(x, A).

J—>00

The last inequality follows from d x1oa j) = distg(x, A) forevery j € A,
since a; € A, and by the very definition of disty(x, A).

(b). Provide the details of the following arguments: Let xo € G be fixed. It
suffices to show that from every sequence {x,}jcn in G converging to xp we
can extract a subsequence {x;, },en such that

lim disty(xj,, A) = disty(xo, A). (5.147)
n—oo

It is not restrictive to suppose that A is closed. For every j € N, there exists
aj € A such that

disty(x;, A) = d(x; ' 0 ay). (5.148)

Itis easy to see that {a} ;<N is bounded. Hence, we can extract a converging
subsequence from {a;} jen, say a;, — a € A as n — oo. From (5.148) we
infer

lim disty(x;,, A) = lim d(x;l oa;,) =d(xy" oa). (5.149)
n—oo n—o00 Jn

Thus, (5.147) will follow if we show that d()co_1 o a) = disty(xg, A). Sup-

pose to the contrary that we have d(x, Lo a) # disty(xg, A). This may
occur iff

() :d(xy ' oa) < disty(xo, A)  or (i) : d(xy ' 0a) > dista(xg, A).

Case (i) is impossible by the very definition of dist;(xp, A) (since a € A).
Case (ii) is absurd too, as we show below. Let aqy € A be such that
distq (x0, A) = d(ay " o x0). Then, by (5.149), we derive

d(x(;] ca) = nhj;o distg(xj,, A) < nli)ngo d(aal °xj,)
= d(ay" o x0) = disty(xo, A).

This contradicts (ii).
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Ex. 17) Prove the following improvement of Proposition 5.16.3 above, when the
extra hypothesis d is smooth holds.

Proposition 5.16.4. Let d be a smooth homogeneous norm as in Proposi-
tion 5.14.1, and let A C G. Prove that the function disty(x, A) is Lipschitz
continuous with respect to d, i.e.

|distq(§, A) —disty(n, A)| < Bd(E.n)  VEneG,
where B is the same constant as in Proposition 5.14.1.
(Hint: Leta € A, and write (5.125a) withx =a,y =&,z = n,
dE ' oa) <d(™ oa) + BdE o).

Then take the infimum over a € A, and derive disty (&, A) < disty(n, A) +
B d(&, n). Then interchange & and .)

Ex. 18) (T': Another mean integral operator). Let £ be a sub-Laplacian on the
homogeneous Carnot group G. Let 2 € G be a bounded open set. For
every x € £2, let us put

1
ry = =disty(x, 082),

2
where d is an £-gauge function. For every u € LIIOC(Q), define
T (u)(x) := M, (1) (x), (5.150)

where M, is the average operator defined in (5.50f).
Prove the following statements:
(i) T (u) is continuous in 2,
(i) u <v=Tw) <T(),
(iii) u € L*™(82) = supg |T (u)| < esssupg, |ul.

Ex. 19) (The strong maximum principle related to 7). Let T be as in the previous
exercise, and let u be a continuous function in §2 such that 7 (1) < u. If 2
is connected and u attains its minimum in £2, then # = constant in £2.

Ex. 20) (The weak maximum principle related to T'). Let T be as in the previous
exercises, and let u be a continuous function in §2 such that

Tu)<u in £2,
liminf, .y u(x) >0 Vye€ds.
Prove that u > O in £2.

Ex. 21) Let u be an L-harmonic function in an open set 2 C G, 2 # G. Assume
uelLPl($2),1 <p <oo. Then

@) < —
disty(x, 082)

where c is independent of u and 2, and d is an £-gauge function.
(Hint: Formula (5.52) may prove useful.)

lullLr(2),
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Ex. 23)

Ex. 24)

Ex. 25)

5.16 Exercises of Chapter 5 327

(Another Koebe-type result). Let £2 € G be open, and let u € C(£2, R).

Suppose that one of the following conditions is satisfied:

(i) Mpu)(x) = M,(u)(x) for every p, r > O such that 0 < p < r and
By(x,r) C $2,

(i1) My(m)(x) = M, (u)(x) for every p, r > O such that 0 < p < r and
Bi(x,r) C £2.

Show that u € C*°(£2,R) and Lu = 0 in £2.

Prove the following Harnack inequality on d-spheres.

Theorem 5.16.5. There exists a constant C > 1 such that

sup h<C inf h (5.151)
3B4(0,r) 3B4(0,r)

for every 0 < r < 1/2 and every L-harmonic non-negative function h on
B4(0, 1) \ {0}.

Let d be any homogeneous norm on G, smooth on G \ {0}. Prove that

dHN—l
/ 7@) =cqr2 ! for every r > 0,
dxy=r |Vdx)|

where ¢; = Q HY(B4(0, 1)). (Hint: By the coarea formula and the §;-
homogeneity of d, we have

r dHN—l
/ </ 4(x)>dp :/ dHYN =r2 HN(B4(0, 1)).
0 dr=py 1Vd)] (d(x)<r)

Then, take the derivative w.r.t. ¥ on both sides.)
In this exercise, we follow the arguments from [HKOO] in Lemma 11.1 and
Proposition 11.2, jointly with some of our results in Section 5.2.

Lemma 5.16.6. Let X = {X1,..., X} be a system of locally Lipschitz-
continuous vector fields on RN .

Let Bg(x, R) = {z € RN : |z—x| < R} denote the Euclidean ball centered
at x with radius R. With reference to (5.8a) (page 233) set

M(x,R):= sup {ZlXjI(Z)I}.

weBe(eR) | 15

Suppose y : [0, T] — RY is X-subunit, y(0) =xand T < R/M(x, R).
Then y([0, T]) € Bg(x, R).

(Hint: Suppose to the contrary that y ([0, T']) Q Bg(x, R). Hence, there
exists a least ¢t € (0, T], such that y := y(¢t) ¢ Bg(x, R). From the mini-
mality of ¢ and the continuity of y, we certainly have y € dBg(x, R), i.e.
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|y —x| = R. Notice also that dx (x, y) <t < T. Hence, (5.8b) on page 233
gives

R=|x—yl =M, |x—yD)dx(x,y) < Mx, R)T <R.

This is absurd.)
Deduce the following result.

Corollary 5.16.7. Let X = {X1, ..., X} be a system of locally Lipschitz-
continuous vector fields on RV .

Then, for every bounded set D C RN, there exist positive numbers Ry < 1,
R1 > 1 (depending only on D and X) such that By, (x, R) € Bg(0, Ry)
for every x € D and every R € [0, Ry). In particular, for every xo € RV,
every Carnot—Carathéodory ball By, (xo, R) with small radius (dependently
on xq) is bounded in the Euclidean metric.

(Hint: With the notation of Lemma 5.16.6, let
M :=sup{M(x, 1) : x € D}.

Obviously, M < oo, for the X ;’s are continuous. Set Ry := (4 M)~ Let
x € D and R < Rp. (Note that M > M(x, 1), since x € D.) Let also
y € By, (x,R), ie. dx(x,y) < R. Then there exists a X-subunit curve
y : [0, T1 — RY such that ¥ (0) = x, y(T) = y and

T <dx(x,y)+ (@M~ ' <2Ry = CM)~ ! < 1/M(x, 1).

Then, we can apply Lemma 5.16.6 with R = 1 and derive that y ([0, T']) €
BEg(x, 1). In particular, this gives |y — x| = |y(T) — x| < 1l,ie. y €
BE(x, 1). Due to the arbitrariness of y € By, (x, R), this proves

Bay(x, R) € Be(x,1) € Dy := | J Be(x, 1) e RY.

xeD

This ends the proof, by finding a suitable R; >> 1 such that D; C
Be(0, R1).)

Proposition 5.16.8. Let X = {X1, ..., X;u} be a system of locally Lipschitz-
continuous vector fields on RN .

Let K be a compact subset of RN. Then there exists a constant ¢ =
c(K, X) > 0 such that

dx(x,y)>c|x —y| foreveryx,y e K.

Proof. If dx(x,y) = o0, there is nothing to prove. Hence, we can suppose
dx(x,y) <oo.Lety : [0,T] — RY be any X-subunit curve such that
y(0) =x,y(T) =y.Let R := |x — y|. Set
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n
M = sup { Z IX;1(2)| : z € Bp(x, 1 +diam(K)), x € K}
j=1

Note that M = M(K, X) < oo, since K is compact and the X;’s are
continuous. Obviously, we do not have y ([0, T]) € Bg(x, R), because
|ly(T) — x| = |y — x| = Risnot < R. Hence, by Lemma 5.16.6,

T>R/M(x,R)>R/M=:cR=clx—y|.

(Indeed, M (x, R) < M.) Passing to the infimum over the above y’s, we get
dx(x,y)>clx—yl. O

Derive the following assertion from Corollary 5.16.7 and Proposition 5.16.8.

Proposition 5.16.9. Let X = {X1, ..., X} be locally Lipschitz-continuous
vector fields on RN . Suppose RY is X-connected. Let dx be the relevant
Carnot—Carathéodory distance. Then the map

id: (G,dyx) — (G, dg)
is continuous.

(Hint: Dealing with metric spaces, we can prove sequential continuity. Let
xp — x¢ in (G, dx). We aim to prove that x,, — x¢ in (G, dg). By Corol-
lary 5.16.7, there exists ¢ = &(xg) > O such that By, (xo, ) is bounded
in (G, dg). By definition of limit, there exists 7 = n(¢) € N such that
Xp € Bgy(x0, €) whenever n > n. Hence the set {x, : n > n} U {xo} is
contained in a compact subset of R . We can thus apply Proposition 5.16.8
to derive that, for a suitable ¢ > 0,

c|x, — xo| <dx(xp,x9) foralln >n.

Letting n — oo, we get x, — xg in (G, dg).)

Now, consider a system X of Hormander vector fields in RY and the
relevant dy. Recall that, by the Carathéodory—Chow—Rashevsky theorem
(see Chapter 19 for suitable references), RY is X-connected. Moreover, by
known results (see, e.g. [NSW85]) the inequalities in Proposition 5.15.1
hold (for a suitable » > 0) when d(y~! o x) is replaced by dx (x, y). In
particular, given a compact subset K of RY, there exist r, ¢ > 0 (depending
on K, X) such that

dy(x,y) <clx —y|"" Vx, yeKk.

Arguing as in the first paragraph of the proof of Corollary 5.15.3, derive the
following assertion:

Given a system X of Hormander vector fields in RN, the map id : (G, dg) —
(G, dx) is continuous (indeed, it is a homeomorphism, see Proposi-
tion 5.16.9).
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Ex. 26)

Ex. 27)

Ex. 28)
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Consider the vector fields in R? defined by
X1 =0y, Xo=max{0,x1}0y,.

Consider the relevant dy, where X = {X, X»}. Is R2 X-connected? Prove
that the identity map id : (R2, dg) — (RZ, dy) is not continuous.
(Hint: It may be useful to notice that the integral curves of X are the lines
parallel to the x; axis; the integral curve of X; through (xg, yp) is

(x0, ¥0) if xg <0,
H
(x0, yo + xot) ifxg > 0,

i.e. the single point (xg, yo) if xo < O or the lines parallel to the x; axis if
xo > 0.)
Consider the vector fields in R? defined by

X1 =30,, Xa=(+x3) 0.

Verify that the system X = {X;, X;} satisfies the Hormander condition.
Consider the relevant dy. Is R? X-connected? Prove that there exists a set
£ C R? which is bounded w.r.t. dx but unbounded in the Euclidean metric.
Hint: Observe that the integral curve of X» (hence, a X-subunit path!) start-
ing from (xg, yo) is

t + (xo, tan(z 4 arctan(yp))).

Hence, for example,

dx((O, 0), (0, tan(% - %))) <m/2—1/n <m/2,
dg ((O, 0), <0, tan<% — %))) —> 00 asn — 00.

Prove the following linear algebra result.

but

Lemma 5.16.10. Let vy, . .., vy, be vectors in RY, Suppose w € R is such
that

(%) (w,x)252(vj,x)2 vxeRVY.
j=1

Then there exist scalars oy, . . ., a,, such that

m m
— v 2
w = E ajv; and Zajfl.
j=1 j=1
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Proof. Let us first prove that w € span{vy,...,v,} =: V. From the de-
composition RN = V @ Vit follows
w=a-+b, acV, be V™.

If we choose x := b in (x), we get
m
Ibl* = (a+b,b)> <D (v;.b
j=l1

whenceb=0,ie.w=aecV.
Up to a permutation of the v;’s, it is not restrictive to suppose that (vi,
., Vg) is a basis of V. Then we have

q
VJZZ,Bj,ka Vi=1,....m

k=1
The m x g matrix B whose (j, k)-th entry is 8 x has the block form

B= ("
Bv

where I is the identity matrix of order ¢g. Let y1, ..., y; € R be such that
W= ZZ | Yk Vk. We characterize all the scalars ay, ...,y € R such that
w =", ; v;. From the identity

i ViVE =W = Z(Za, ﬁjk>v;<

and the linear independence of vy, ..., v, we infer
m
(o) Vk=zf¥jﬂj,k Vk=1,...,q
j=1
Let us suppose that, besides (e), there also exists a solution X € RY to the
m-equation system
Vi,X) =,
(SL) { Wi x) =

j=1....m

This will give

whence Z;": 1 ozjz. < 1, and the proof is complete.
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We remark that, in order to (SL) to be solvable, it is necessary and sufficient
that the rank of the coefficient-matrix of (SL) (i.e. ¢) equals the rank of the
complete-matrix of (SL): thanks to the dependence of V441, ..., Vi WL
Vi, ..., Vg, this is equivalent to

q
(o0) Oljzz,Bjkalk Vi=q+1,...,m.
k=1

Hence, the proof is complete if we show that there exists («y, ..., a;) € R™
satisfying (e) and (ee), i.e. a solution to the m-equation and m-indeterminate
system aq, ..., 0y

m
Z%’ﬂj,k=7/k, k=1,...,q,
, j=1
(SL) B
Zﬁj’k“k_aj =0, j=q+1,....m
k=1

The coefficient-matrix of (SL)’ is

1, 'B
B I,

We show that this matrix is invertible, whence (SL)’ is solvable.
In general, if A is areal g x (m — ¢) matrix, the block matrix

A A . 2 A 0 A 0
P'_<tA _qu) satisfies P _Hm+<0 ’A>.<O ek

Observe that P? is the sum of a positive-definite matrix plus a positive semi-
definite one. In particular, P? is positive-definite, hence it is not singular.
This gives | det P| = ~/det P2 > 0, so that P is not singular too. This ends
the proof. O

By means of Lemma 5.16.10, derive the following equivalent characteriza-
tion of X-subunit curve.

Proposition 5.16.11. Let X = {X1, ..., X,,} be a system of locally Lips-
chitz-continuous vector fields on an open set 2 € RV
Let y : [0,T] — $£2 be an absolutely continuous curve. Then y is X-
subunit if and only if there exist measurable functions c; : [0,T] — R,
j =1,..., m, such that, almost everywhere on [0, T],

p) =Y ;) X;I(y®), and Z(cj(t))2 <1. (5.152)
j=1

j=1
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Proof. Suppose y : [0, T] — $2, satisfies (5.152). The Cauchy-Schwartz
inequality in R™ immediately yields

(v (o). &) (Z(c,(:))) (Z(x (y(t))s) > (X @, &),
j=1

j=1

i.e. y is a X-subunit curve. Vice versa, let y be X-subunit. If we apply
Lemma 5.16.10 with the choice

V= Xj()/(t)), j=1,....m, w:=yp()),

then (5.152) is satisfied for suitable scalar functions c;’s defined a.e. on
[0, T]. It is easy to prove!'® the measurability of the cj’s. O

Ex. 29) Letu be an £L-harmonic function in an open set £2 € G. Let By (xg, r) C £2.
Then, for every multi-index «, there exists a constant C, > 0 (independent
of u, xg and r) such that

| X%u(x0)| < Cor e sup |ul.
Bg(xo,r)

(Hint: Since u is L-harmonic, the representation formula (5.50a) (see also
(5.50d)) gives

u(xo)=/ u(z)¢>r(x_1oz)dz=/ u(@) ¢ (xoz)dz,
RN RN

where q’); () = ¢, (¢~ 1). Now, derive the integral.)

16 Tndeed, notice that ¥ is measurable (since y is a absolutely continuous), # > X ;(y (1)) is
continuous and the operations which provide the components of a vector w.r.t. a system of
vectors are continuous. We leave the details to the reader.



